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Analyzing communication schemes using methods from nonlinear filtering
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The perfomance of a class of communication systems is investigated in a probabilistic framework.
We investigate the bit error probability of the optimal as well as approximately optimal receivers. In
general the latter turn out to be unavoidable due to the computational complexity of the
former. © 2003 American Institute of Physics.@DOI: 10.1063/1.1499256#
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We investigate a certain class of communication scheme
including chaotic systems. Nonlinear filtering theory is
employed to obtain a representation of the optimal re-
ceiver. Using known results on the filtering process we
investigate the bit error probability. It is well known that
in general there is no closed form expression of the non
linear filter. Therefore, in practice approximations are
necessary for the nonlinear filter in general and the opti-
mal receiver in particular. We obtain bounds on the ap-
proximation error using stability properties of the filter.
These bounds also apply to approximations of the opti-
mal receiver.

I. INTRODUCTION

Since the invention of telecommunication its technic
aspects have been subject to vivid research. Usually the
communication engineer’s goal is to quantify and to op
mally payoff between the demands of low cost, low error a
high rate of information transfer. Of course, to obtain no
trivial results certain restrictions on the given setup have
be imposed.

A new era of information theory was heralded by t
pioneering works of Shannon and Weaver1 and Wiener.2 The
book of Shannon and Weaver contains the basic ideas
results on channel~and source! coding. Wiener’s work ad-
dresses the problem of reconstructing a stationary time se
that was received in error due to corruption by noise.
though the aim of both works is to combat a nonrelia
transmission channel, the respective setups and assump
are quite different in detail. While Wiener solves his proble
by salient handling of elaborated stochastic tools, Shan
applied elementary methods and a couple of completely
and ingenious ideas.

We will briefly review both concepts in Sec. II. The ma
reason is that in this paper we will talk about communic
tion, and the reader may have the~completely justified! ques-
tion, how the presented results are related to Shann
theory. Probably to his or her disappointment, however
will turn out that our paper, although concerned with t
transmission of messages, is more in spirit of Wiener’s wo

As will be explained in Sec. II in Shannon’s setup it
assumed that the message is manipulatedbefore and afterit

a!Electronic mail: jbroe@physik3.gwdg.de
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is sent, in contrast to Wiener’s setup, where a manipulatio
possible at the receiver side only. This is an important te
nical difference between the two theories.

In this paper we will consider a setup that is more rela
to Wiener’s setup. More specifically, we assume that a c
tain signalYn is transmitted, whereYn is a real number and
nPN plays the role of time. In this paper, only discrete tim
processes will be considered. The signalYn is the sum of two
partsYn5Xn1Wn , whereXn in turn is the information car-
rying quantity andWn is an unwanted part or noise.Xn ,
however, is not the desired information itself but a physi
carrier signal that meets some technical demands impose
the transmission system. The information is in our case ju
stream of bitsMnP$0,1% which we assume to be indepen
dent and identically distributed. The assumption here is t
the signal is optimally coded and all redundancy is remov
This information is modulated intoXn , i.e.,Xn is ~not equal
to but! depends onM1 ...Mn . More specific assumptions o
this dependence will be imposed in Sec. III. The basic qu
tion is: How can we recover the messageMn from the re-
ceived time seriesY1¯Yn?

Of course this question referred to as thereceiver prob-
lem is very complicated to answer in general and has vari
theoretical as well as computational aspects. We will try
give a partial answer to this question for a specific setup

The outline of the paper is as follows: In Sec. II we w
give a brief overview over Shannon’s and Wiener’s work a
the main differences. As already mentioned, our pape
more in spirit of Wiener’s work. However, this does n
mean that it has no significance for results following Sha
non’s work. This is explained in detail in Sec. II. Since th
section is not necessary for an understanding of the res
the paper it may be skipped at first reading.

In Sec. III we will present the theory of nonlinear filte
ing. This theory generalizes Wiener’s original question to
problem of finding the best estimator~in a mean square
sense! of Xn amongall possible estimators~and not just the
linear ones, as considered by Wiener!. Of course, this esti-
mator depends not only on spectral properties of the invol
processes but on their entire probability distributions. It tu
out that the fundamental quantity emerging from nonline
filtering theory is the conditional probability ofXn given
Y1¯Yn . We will try to give a fairly general presentation o
this subject, keeping the mathematical level as elementar
possible.
© 2003 American Institute of Physics
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Section IV explains why for the considered models t
results from nonlinear filtering can be used to build rece
ers. It turns out that theoptimal receiverevaluates a simple
decision criterion that involves the conditional probabil
calculated in nonlinear filtering. Furthermore, results co
cerning the asymptotic properties of nonlinear filters are e
ployed to calculate asymptotic bit error rates.

In Sec. III the reader already gets aquainted not o
with the benefits but also with the difficulties of nonline
filtering. A general problem is that the nonlinear filter obe
an infinite dimensional dynamics. Referring to known resu
we will explain that an explicit expression for the optim
estimator is seldom available in a nonlinear context. The
fore, approximations are essential. This is the subject of S
V.

In Sec. VI we will show how error bounds on the a
proximations can be obtained. The filter can be viewed a
dynamical system on the space of probability distributio
which is infinite dimensional but in some cases insensit
with respect to its initial condition. The approximation co
sists, roughly speaking, of replacing each iteration step
this system by a simpler step. If the filter is stable, then
error obtained in every step willnot be amplified and there
fore a bounded total error remains.

Finally, in Sec. VII we apply these results to the receiv
problem. It turns out, that an explicit bound on the maxim
achievable bit error rate can be obtained.

II. SHANNON VS WIENER

In Shannon’s channel coding theory the problem of
formation transmission over a not fully reliable channel
considered, i.e., it is assumed that with a certain probab
the transmitted message is decoded in error. It is pretty
vious that a certain amount of errors can be corrected at
receiver’s side if a certain amount of the transmitted mess
is redundant. For example, every bit~assuming the messag
is represented as a stream of zeros and ones! can be sent
twice. The surprising result of Shannon and Weaver1 was
that a finite and fixed amount of redundancy is sufficient
achieve anarbitrarily small amount of errors. This will be
explained a little more in detail now. The reader alrea
acquainted with this theory may skip this section. It conta
no material inevitably necessary for the remainder of
paper.

Suppose we are concerned with binary messages o
i.e., the message is a stream of bits. Suppose the transm
allows for one bit per second to be sent. At the receiver s
we also obtain a bit per second, but with a certain probab
this bit is different from the bit that was transmitted. Th
behavior can be expressed in a 232-matrix,

pi jªProb. of receivingi when j was sent,

wherei , j 51,2.
Let us now formalize the procedure of introducing r

dundancy. The basic idea is to use acodeas follows~see also
Fig. 1!. Consider all possible words of, say,N bits. There are
2N such words. LetR<1 and specify a subset containin
only 2bRNc words. Hereb• c means the integer part. This su
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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set is called acode of rate R. The elements of this set ar
called code words, hence there are 2bRNc code words. We can
transmit a message using this code by simply dividing
message into blocks of lengthbRNc ~at most 2bRNc different
blocks can appear! and assigning a code word to each su
block. Now the code word can be sent through the chan
Recall that the code word has lengthN, but the message
block that is assigned to the code word has lenght onlybRNc.
So using the code effectively reduces the transmission
by a factor ofR. In Fig. 1 we usedN56 andR52/3, i.e.,
1/3 of the bits are redundant.

If a code word is transmitted, at the receiver’s side
word of N bits obtains. However, some of theN bits are
received in error~in Fig. 1 the last bits of both code word
are incorrect!. So a received block ofN bits forms a word
that is usuallynot a code word~although this may acciden
tally be the case!. Here in general adecoderis needed that
maps any word of lengthN back onto a code word. Fo
example, we may take the code word that has the sma
amount of bits different from the received word~minimum
Hamming distance!. Finally, inverting the message-code a
signment, we get back what is supposed to be the transm
message.

For a given channel, the performance of this sche
obviously depends on the rateR, the lengthN, the chosen
set of code words and the decoder. The outstanding theo
of Shannon states that associated to the channel there
numberC called thecapacitywith the following property:
By taking N sufficiently large we can find a code of rateR
arbitrarily close toC and a decoder yielding arbitrarily sma
transmission error. This is called the direct part of the cod
theorem. If howeverR is larger thanC, the error is bounded

FIG. 1. Panel~a! shows all words of length 4~first column!. The second
column contains possible code words of length 6. Panel~b! shows a com-
munication setup using the code.
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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197Chaos, Vol. 13, No. 1, 2003 Communication and nonlinear filtering
away from zero. This statement is called the converse p
Actually, Shannon and Weaver1 proved this result~together
with an explicit expression forC! in the case of memoryles
channels, i.e., the probability that a transmission error occ
at timen does not depend on what has happened in the p

Note that in a practical situation to establish a relia
communication with rates close to the channel capacity
necessary to manipulate the information carrying quan
before and afterit is sent. The situation considered b
Wiener2 that will now be described briefly however does n
permit a manipulation of the signal before transmissi
which from a communication theoretic viewpoint constitut
the main difference between Wiener’s and Shannon’s se

As in Shannon and Weavers work, Wiener consider
stationary stochastic processXn ,nPZ as the quantity carry-
ing the desired information~in contrast to Shannon howeve
it is not explicitly considered as a message!. He assumes tha
at the receiver the processYn5Xn1Sn obtains, whereSn is
the unwanted part or the noise. Hence effectively he assu
a very specific form of a channel.

Wiener now considers the problem of reconstructingXn

from Yn in a linear manner. More specifically, taking th
ansatz,

X̂nª (
k52`

`

ak
(n)Yk ~1!

and the least mean square optimality criterion,

E~Xn2X̂n!25min!

he obtains an equation~Wiener–Hopf equation! for the co-
efficients,ak

(n) , whereE(•) denotes the mathematical expe
tation. It turns out that only auto and cross correlations ofXn

and Yn enter the Wiener–Hopf equation. Wiener studies
variety of related problems, mainly differing in how muc
Y’s enter the right-hand side of the ansatz~1!. The resulting
Wiener–Hopf equations are tackled by spectral methods

Wiener finished his work already in 1942, but due to
significance for war time issues~radar tracking, automatic
fire control! it was not classified and published until 195
Since then, a huge amount of improvements and genera
tions to Wiener’s theory have been conceived. The most
portant were probably the Kalman filter,3 where Gaussian
processes admitting a state space description where co
ered and the extension to nonlinear stochastic differen
equations given by Stratonovich and independently by Ku
ner ~see Ref. 4 for an overview!.

All the works following Wiener show various attemp
to the solution of the general problem: Which was the sig
that led to the aquired data? Looking back to Shanno
setup, we see that this is basically the decoding probl
which was the code word that led to the received data?
may even say thatfirst Wiener’s theory~or its extensions!
have to be applied to build good receivers andthenresults in
spirit of Shannon’s work~i.e., coding! are applied to improve
the performance of the receiver. In other words, to ap
error correcting codes the receiver problem already has t
solved! Coding theory does not circumvent the recei
problem, it merely addresses the question how the per
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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mance of a given receiver can be improved using manip
tions of the message before and after transmission.

Actually, Shannon’s classical result can be establish
using a quite suboptimal receiver. Nevertheless, the trad
betweenN and the error depends heavily on the decod
which is important in practical applications. Furthermo
Shannon’s result is valid in full generality only for memor
less channels. For channels having memory, the prob
turns out to be quite difficult. In general, a differentC ap-
pears in the direct and the converse part of the coding th
rem, i.e., it is stated that at rates,C1 , reliable communica-
tion is definitely possible and at rates.C2 definitely not, but
in generalC1,C2 . Furthermore, the results usually depe
heavily on the employed decoders. In general, to obtai
larger C in the direct coding theorem, more sophisticat
decoders are necessary, probably having a complexity
hibiting their practical implementation.

Thus for application and extension of Shannon’s the
rem, good decoders are mandatory. By good we mean
reliable as necessary to obtain the direct coding theorem
high rates, but as simple as possible to be implementabl
applications. Of course, in this paper we will not solve t
problem completely. The basic aim of this paper is to co
vince the reader that a possible route to good decoders
via the beforementioned theory of filtering.

III. NONLINEAR FILTERING

In this section we present the theoretic background
the paper, namely the theory of nonlinear filtering and so
auxiliary stochastic tools.

In general message transmission is done employin
~usually electronic! device called the transmitter. The intern
state of the transmitter at time instantnPN is assumed to be
determined by a variableXn in an appropriate space. Th
stateXn depends on its predecessorsX1¯Xn21 , the mes-
sage to be transmitted and some additional random in
ences. In this paper we will only allow for the simplest po
sible messages, namely, a sequence$Mn% of independent,
identically distributed random variables assuming the val
0 or 1 only. Furthermore, we assumeMn , the message ele
ment at timen, to be independent ofX1¯Xn21 , whence the
message element has influence only on the present and f
evolution of the transmitter state.

Based on this general consideration a lot of transmi
models can be considered differing basically in how mu
past information enters the future evolution ofXn . The sim-
plest model of interest obtains if we assume thatXn is, up to
random disturbances, determined byMn andXn21 .

Usually a transmitter is employed to generate a sig
that is capable of passing through a channel. For exam
consider a radio transmitter. The channel here is the at
sphere and the signal transmitted by the channel is the v
age at the antenna, which is a function of the transmi
state. Of course, atmospheric disturbances will take pl
and lead to a corruption of the transmitted signal. In o
model channel noise is taken into account by additive
random variables. Thus our model of a transmission chan
is again a very simple one, namely we assume that the c
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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198 Chaos, Vol. 13, No. 1, 2003 J. Bröcker and U. Parlitz
nel outputYn is a function of the transmitter state corrupt
by additive noise. As a simple example let us consider
following stochastic process on the unit interval:

Xn115 f Mn11
~Xn!, ~2!

where

f 0 :@0,1#→@0,1#, x→u2x21u,
~3!

f 1 :@0,1#→@0,1#, x→12u2x21u,

are the usual and the inverted tentmap. As received signa
take simplyXn itself. As random noise due to channel di
turbances we take random variable$Wn% which are indepen-
dent, have a centered normal distribution with unit varian
and are independent of$Xn%. The signal arriving at the re
ceiver now is assumed to be

Yn5Xn1sWn ,

wheres is a given positive constant. The basic question,
receiver problemnow is: Assume a sample of value
Y1 , . . . ,Yn has been recorded. What is the value of the m
sageMn?

Let us mention also the basic question of nonlinear
tering, which reads slightly different: Assume a sample
valuesY1 , . . . ,Yn has been recorded. What is the value
the system stateXn?

At first sight it seems superfluous to calculate the e
mator for Xn , since we are eventually interested in getti
estimators for the messageMn rather thatXn . It will, how-
ever, turn out that all these problems can be encompasse
calculating a fundamental device, namely the conditio
probability ofXn givenY1 , . . . ,Yn . This in turn is the main
aim of filtering theory. How it can be employed to solve t
receiver problem will be subject to Sec. IV.

Of course, the answer to the basic question in filter
cannot be given with infinite accuracy due to the unkno
noise Wn ~except if s50!. What is desired are estimato
@i.e., functionsX̂n5X̂n(Y1 , . . . ,Yn)# having a goodaverage
performance. Wiener’s theory provides the bestlinear esti-
mator with respect to an average quadratic error criter
For nonlinear systems, however, this estimator is outp
formed by nonlinear estimators calculated by the theory
nonlinear filters which we now will present.

Let us formalize now our basic model of a transmitt
For a comprehensive presentation of the basic notions
probability theory used in the following we recommend R
5. A few notations are explained in the Appendix. L
(V,P,A) be a probability space. LetE be a complete sepa
rable metric space and$Xn%nPN0

:V→E ~the transmitter
state! as well as$Mn%nPN :V→$0,1% ~the message! be ran-
dom processes. Furthermore we assume that the joint pro
$Mn11 ,Xn%nPN0

is Markov, the variables$Mn% are all iden-
tically distributed and Mn11 is independent of
$Mk11 ,Xk%k50¯n21 . Let m(A)ªP(X0PA) and pi

ªP(Mn5 i ), where i 50 or 1. Then the initial distribution
of the process$Mn11 ,Xn% is given by P(X0PA,M15 i )
5m(A)pi and the transition probability is
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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P~XnPA,Mn115 i uXn215x,Mn5 j !

5pi•w j~A,x!,

where we define

w j~A,x!ªP~XnPAuXn215x,Mn5 j !. ~4!

Our setup allows us to assume that conditional probabili
as well as conditional expectations areregular. This means,
for A held fixed,w(A,x) is an integrable function inx and
for any x held fixed,w(•,x) is a measure~see Ref. 5 for
regular conditional probabilities!.

It is easy to see that$Xn% alone is a Markov process with
transition probability w(A,x)ªP(XnPAuXn215x)
5( jw j (A,x)pj . Let us shortly stop here for a short rema
about canonical representationsof a stochastic process. I
$Xn%n>0 is a Markov process on a probability spa
(VX ,PX ,BX) in discrete time~i.e., nPN0! assumed to have
values in a complete separable metric space~i.e., a polish
space! E equipped with a Borels-algebraBE , we can al-
ways assume the probability space to be canonical, i.e.,VX

5E`, BX5B E
` . According to Kolmogorovs theorem,PX is

well defined by specifying the finite dimensional distrib
tions of $Xn%. Since$Xn% is Markov, the finite dimensiona
distributions are determined by the distributionn of X0 and
the transition kernel,

w: BE3E→R1 ,

~A,x!→w~A,x!ªP~Xn11PAuXn5x!

by the equation

PX
n ~X0PA0 ,...,XkPAk!

5E
Ak3¯3A0

w~dxk ,xk21!¯w~dx1 ,x0!n~dx0!,

whereA0 ,...,AkPBE . The dependence onn is denoted by
the superscript and in fact we consider not only one meas
PX on VX but a whole familyPX

n . If n assigns probability
one to a single pointzPE we write PX

z . Further properties
of Markov processes~mainly concerning their ergodic be
havior! are summarized in the Appendix.

Now we turn to the channel. Let$Wn%n>1 be a process
of i.i.d. random variables having values inR. We assume tha
the Wn have a probability density functiong with respect to
Lebesgue measurel. We assume the$Wn% to be of zero
mean and unit standard deviation. By using Kolmogoro
theorem again we can assume the corresponding probab
space to be canonical, i.e.,VW5R`, BW5B `, whereB is
the Borel algebra onR. The probability measure is define
by the finite dimensional distributions,

PW~W1PA1 ,...,WkPAk!5)
i 51

k E
Ai

g~x!dx.

Furthermore, let$Wn% be independent of$Xn%. It is well
known that the corresponding probability space cover
both $X% and $W% can be chosen asVªVX3VW , Pn

ªPX
n 3PW , BªBX^ BW . The filtration of the process

(Xn ,Wn) is denoted byFn . Expectation with respect toPn

or Px will be denoted byEn or Ex , respectively.
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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Finally we introduce a third process calledmeasuremen
process. Let h:E→R be a measurable function. Now defin
the process$Yn%n>1 by

Yn5h~Xn!1sWn .

Thes-algebras(Y1 ,...,Yk) is denoted byGn . Note thatWn

and alsoYn are defined forn>1, while Xn is defined forn
>0.

The aim of filtering now is to estimate the ‘‘hidden’
process$Xn% from the measurements$Yn% in a causal man-
ner, i.e., the estimatorX̂n of Xn shall depend only on
Y1 ,...,Yn , that is, it shall beGn-measurable. It can be show
~see, e.g., Ref. 6! that for any such estimator,

E@~Xn2X̂n!2#>E@~Xn2E~XnuGn!!2#,

while if the equality holds,X̂n5E(XnuGn) almost sure. This
is a general property of the conditional expectation and a
holds for estimatorsf̂ n of f (Xn) for any measurable function
for which Eu f (Xn)u,`, e.g., if f is bounded and continuous

To calculate conditional expectations we consider thefil-
tering processpn

n defined as

pn
n~A!ªPn~XnPAuGn!,

where the conditioning onGn can be viewed just as a shor
hand notation forY1¯Yn . Define also

pn
n~ f !ªEn~ f ~Xn!uGn!5E f ~x!pn

n~dx!

for a given bounded continuous functionf :E→R. The aim
of filtering is to give convenient formulas forpn

n as an ex-
plicit function of Y1 ,...,Yn .

It follows from the Kallianpur–Striebel formula~see
Ref. 6! that

pn
n~ f !5c•E

E
f ~z!•gS Yn2h~z!

s D E
E
w~dz,x!pn21

n ~dx!, ~5!

wherec is the normalization constant,

c5E
E
gS Yn2h~z!

s D E
E
w~dz,x!pn21

n ~dx!.

Let ME be the space of all finite positive measures onE.
Elements ofME will be denoted by small Greek letters i
the following. Furthermore, denote byPE the subset of prob-
ability measures. Define the operator,

S:R3ME→PE ,

S~y,n!~A!ªc•E
A
gS y2h~z!

s D E
E
w~dz,x!n~dx!, ~6!

wherec is again the normalizing constant. SoS(y,•) maps
finite positive measures to probability measures. With t
definitions we have the iterative formula,

pn11
n 5S~Yn11,pn

n!.

Furthermore,p0
n5n. The processpn

n , called the filtering
process is a random process onPE and turns out to be a
Markov process. Introducing the weak topology onPE , the
transition kernel
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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P~L,m!ªPn~pn
nPLupn21

n 5m!

turns out to be Feller, i.e., for any functionF:PE→R
bounded and continuous in the weak topology, alsoPF(n)
ª*F(m)P(dm,n) is bounded and continuous in the wea
topology. To compute average quantities in the filtering pro
lem like average filtering errors or approximation errors,
godic properties of the filtering process are required. T
main results needed in this paper are due to Stettner7 and
Kunita8 to which we refer the interested reader. This sect
is finished with the presentation of three examples serving
standard models throughout this paper.

Example 1: (CSK scheme)Let $Mn% again be a binary
message andf 0 , f 1 be two continuous mappings of a close
interval I ~which might be the whole real line! to itself. Let
X0 be a random variable and define the process,

Xn115 f Mn11
~Xn!.

The measurement process is taken as

Yn5Xn1sWn ,

whereWn is Gaussian~noise!. The transition probability of
Xn is

w~A,x!5p1d f 1(x)~A!1p0d f 0(x)~A!,

where thedelta measuredz(A) is 1 if zPA and 0 else. Often
I is chosen as the unit interval andf 0 , f 1 are piecewise ex-
panding Markov maps. In this case this setup is calledcha-
otic shift keying~CSK! scheme.

If the distribution ofXn has a densityh with respect to
Lebesgue measure, then so has the distribution ofXn11 , and
the Markov transition kernel translates into an operator
L1 , called theFrobenius–Perron–operator~FPO!. The FPO
of a CSK-scheme is given by

Lh~x!5p1 (
yP f 1

21(x)

h~y!

u f 18~y!u
1p0 (

yP f 0
21(x)

h~y!

u f 08~y!u
.

If the distribution n of X0 has anL1 density p0(x) with
respect to Lebesgue measure, then also the filtering pro
pn

n has a representation in terms of densities~denoted by
pn

n(x)! given by

pn
n~x!5c•gS Yn2x

s DLpn21
n ~x!,

where againc is normalization andg the density ofWn .
Piecewise expanding Markov maps are thoroughly

vestigated in Ref. 9. It is shown that there exists an invari
measuren on the unit interval which has a densityh with
respect to Lebesgue measure that is of bounded varia
Furthermore, iff is aperiodic, this measure is exact~in par-
ticular, ergodic and the only one having a density with
spect to Lebesgue measure!. The densityh is everywhere
positive and for any continuous functionf ,

L nf ~z!→E f dx•h~z!

uniformly in z. This analysis depends entirely on the FP
and it turns out that much of it carries over to our setu
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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Especially there is an invariant measuren on the unit interval
which has a densityh with respect to Lebesgue measure th
is of bounded variation. The corresponding measurePn is
therefore stationary and the finite dimensional distributio
have all densities. Furthermore it can be shown that und
modified aperiodicity assumption, any functiongPL1(n) on
the interval which is invariant underw is n-almost sure equa
to a constant. It follows then from Lemma 16 of the Appe
dix that Pn is even ergodic.

The relevance of CSK-schemes as models for a real t
electronic transmitting device may of course be doubt
They are however subject to vivid research on a more
stract level. They are used to generate signals having de
statistical properties~see, e.g., Ref. 10!.

Example 2: (Mixing process)Let Wn8 be a process of iid
random variables onRd having a continuous and strictl
positive pdf d(x) with respect to Lebesgue measure. L
f :Rd→Rd be a continuous and bounded function. Then
process

Xn115 f ~Xn!1Wn8

is a Markov process satisfying the conditions of theor
~13!. The transition kernel is given by

w~A,x!5E
A
d~z2 f ~x!!dz

and the FPO by

Lh~x!5E
Rd

d~x2 f ~z!!h~z!dz.

This setup can also be extended to a message transmi
scheme by letting$Mn% be the usual message process a
taking two functions f 0 , f 1 :Rd→Rd, both bounded and con
tinuous.$Xn% is now defined by

Xn115 f Mn11
~Xn!1Wn8 .

Again $Xn% is a Markov process satisfying the conditions
theorem~13!. The transition kernel is given by

w~A,x!5p0w0~A,x!1p1w1~A,x!

5E
A
p0•d~z2 f 0~x!!1p1•d~z2 f 1~x!!dz

and the FPO by

Lh~x!5E
Rd

p0•d~x2 f 0~z!!1p1•d~x2 f 1~z!!h~z!dz.

Again, if the distributionn of X0 has anL1 densityp0(x)
with respect to the Lebesgue measure, then also the filte
processpn

n has a representation in terms of densities~de-
noted bypn

n(x)! given by

pn
n~x!5c•gS Yn2x

s DLpn21
n ~x!,

where againc is normalization.
Example 3: (Linear Gaussian process): The first system

class for which the filtering process was calculated explic
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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was of course the linear Gaussian case. This example
tains no message transmission and is presented here
standard example of filtering,

Xn115FnXn1an1Wn8 ,

whereWn8 has a Gaussian distribution with covariance m
trices$Rn%, $Fn% is a sequence ofd3d-matrices, and$an% a
sequence ofd-dimensional vectors. Furthermore assumeX0

has a Gaussian distribution with covariance matrixG0 . Let
the measurement process be given by the equation,

Yn5GnXn1bn1Wn ,

where Wn has a Gaussian distribution with covarian
matriesSn , $Gn% is a sequence ofd3 l -matrices and$bn% a
sequence ofl -dimensional vectors. Then,

pn~x!5
1

A~2p!d detGn

exp@20.5~x2mn!Gn
21~x2mn!#,

whereGn andmn are given by

Gn11
21 5~FnGnFt1Rn!211Gn

t Sn
21Gn ,

mn115Fnmn1an

1Gn11Gn
t Sn

21~Yn112Gn~Fnmn1an!2bn!.

These equations are due to Kalman3 and a direct conse
quence of Eq.~5!.

The Kalman filter is an example where the filtering pr
cess admits a parametrization. This is,pn(x)5p(x,un) and
un is given iteratively by a finite dimensional dynamical sy
tem of the formun5F(Yn ,un21). We will discuss in Sec. V
that this is in some sense a very unusual situation.

IV. MESSAGE TRANSMISSION

The receiver is any device that produces a reasona
estimateM̂n for the actual messageMn based on the time
seriesY1 ,...,Yn . We will show that this problem can b
solved if the conditional probabilityrn(m)ªP(Mn5muGn)
is known.

We now give an expression forrn(m) in terms of the
filtering process. This establishes the beforementioned c
dition between the receiver problem and the theory of n
linear filtering.

Lemma 4: Let @slightly different from the examples o
Sec. III and formula~4!#,

w1~A,x!ªp1P~XnPAuXn215x,Mn51!,

w0~A,x!ªp0P~XnPAuXn215x,Mn50!.

Then we have (withw defined as before!

w5w11w0 .

Then

rn
n~m!5E dwmpn21

n

dwpn21
n pn

n~dx!.

Proof: This follows easily using change of measure li
in the Kallianpur–Striebel formula. An informal derivation
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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given in Ref. 11. For the meaning of the Radon–Nykod
derivative d•/d•• see Ref. 5 and the Appendix. h

The performance of a binary communication channe
usually measured by the bit error rate~BER! which is de-
fined as

BER5
1

N (
k51

N

uMk2M̂ ku,

whereMk is the transmitted message andM̂ k is the received
message. It should be kept in mind that in general, the
error rate is a random quantity and depends onN. It is an
interesting question whether the bit error rate converges
~possibly random! limit or not.

In any case~ergodic or stationary or nothing! we will
call

Pn~MkÞM̂ k!

the bit error probability~denoted by BEPk
m! whereM̂ k is used

as an estimator forMk and n is the distribution ofX0 . We
now define the receiverM̂ k we will use throughout the res
of this paper.

Definition 5: We set M̂ k51 if rk
n(1).rk

n(0) and M̂ k

50 else. Since in factM̂k depends onn we will write M̂ k
n in

the following.
Obviously, M̂ k is a function ofY1¯Yk . Furthermore,

this estimator turns out to have a certain minimum prope
If M̄ k is an estimator depending onY1¯Yk and assuming
the values 0 or 1 only, it can be shown that

Pn~Mk5M̄ k!5En~rk
n~M̄ k!!,

whence we have that for any such estimator,

P~Mk5M̄ k!<P~Mk5M̂ k
n!.

Hence the estimatorM̂ k
n yields the least bit error probability

and, in this sense, provides an optimal estimator. Our
theorem concerning ergodicity of the bit error rate can
obtained using ergodic theory of nonlinear filtering.

Theorem 6: Supposem is a w-invariant measure. Then
the bit error rate

BERN5
1

N (
k51

N

uMk2M̂ k
mu

converges almost surely to a (possibly random) limit. Ifm is
even a uniquew-invariant measure satisfying condition (A2
then the limit is almost sure equal to a constant.

Proof: We only sketch the main ideas. A full outline wi
be given elsewhere. Ifm is w-invariant it follows from theo-
rem 1 in Ref. 7 that the distribution ofpn

m converges to an
invariant measure ofP, the transition semigroup of the filte
Calling this invariant measureF it turns out that the joint
random variable (Mn11 ,pn

m) has asymptotic distribution
pi•F, Furthermore, the process$Mn11 ,pn

m% is Markov hav-
ing invariant measureF•pi . So the compound process
asymptotically stationary. SinceuMk2M̂ ku can be expresse
as a function ofMk , pk

m , andpk21
m it turns out to be sta-

tionary as well. The first assertion now follows fro
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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Birkhoff’s theorem. The second assertion follows if the fi
tering process turns out to be ergodic. Under condition~A2!,
the invariant measureF of P having barycenterm is unique
~see Ref. 7, Theorem 2!. However, any otherP-invariant
measuremusthave a barycenter which isw-invariant. Since
there are no such measures except form it turns out thatF is
the unique invariant measure of the filtering process.
Lemma 15,~3! the filtering process is ergodic. h

Concerning the asymptotic properties of the bit er
probability we have the following theorem:

Theorem 7: If m is an w-invariant measure satisfying
condition (A2), then theBEPk

m is convergent and decreasin
in k. Call the limit BEPm. If furthermoren satisfies the as-
sumptionnwk→m, thenBEPk

n→BEPm.
Proof: This follows from the fact that the bit error prob

ability BEPk
n can be written as

BEPk
n5

1

2
EnF12E UE 1

s
gS y2h~x!

s D
3~w12w0!pn21

n ~dx!UdyG ,
which is an expectation over a concave function ofpn21

n .
The theorem now follows from the results in Ref. 7. h

We remark that the transmitter model introduced in e
ample 2 actually satisfies the conditions of Theorem 13~see
Appendix!, hence there is a unique invariant measure sa
fying condition ~A2!. Thus, both theorems apply.

Theorems 6 and 7 may be of restricted practical u
since a quite restricted receiver model is assumed. Howe
the main purpose was to show that theoretical methods
nonlinear filtering translate into the framework of messa
transmission.

V. APPROXIMATIONS OF THE FILTERING PROCESS

It was already stated informally in Sec. III that the fi
tering process in general has a very high complexity rend
ing it unfeasible for direct applications. We will make this
little more precise in this section by stating some well kno
results about~non!existence of finite dimensional filters du
to Sawitzki12 we will explain later in this section.

For this suitable approximations of the filtering proce
turn out to be essential. This is the main subject of this s
tion. A lot of methods have been conceived. For an overv
and further references, see Ref. 11.

The idea ofparametric approximationis to consider a
setP of strictly positive integrable functions onE which are
normalized, i.e.,*pdl51 for all pPP and a fixed~not nec-
essarily finite! carrier measurel on E. A parametrizationof
P is a mapping,

p:Q→P;u°p~•,u!,

whereQ is a subset of a finite dimensional vector space. T
parametrization is calledfaithful if u1Þu2 necessarily yields
p(•,u1)Þp(•,u2). Such a setP together with a faithfulp
and a carrier measurel can be considered as a parametriz
family of probability density functions~pdf’s! with respect to
l as well as a parametrized set inPE .
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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The basic idea of parametric approximation is to cho
a parametrized family (P,p,l) and replacepn by a sequence
p̃n in P which by p can be pulled back to a sequenceun in
Q. More formally, this means that there is a map,

F:R3Q→Q, ~7!

defining the stochastic parameter process

un115F~yn11 ,un! ~8!

so thatp̃n5p(•,un). Actually, the filtering process is calle
finite-dimensional if such a representation can be found
holds exactly rather than just approximately. The result
Savitzki states that this is the case if and only ifP(Xn

PAuYn) and P(XnPAuY1¯Yn21) are of exponential form
in Xn . Whether a given model admits a finite dimension
filter is relatively easy to decide. However, it is not easy
use Savitzki’s results to create state space models admi
finite dimensional filters. In Ref. 13 a Laplace transform a
proach is used. However, starting from a linear observa
equation Runggaldier and Spizzichino arrive at alinear state
space model as well.

For the approximation, a certain fitness criterion betwe
the true and the approximated filtering process is required
Ref. 11 we employed the Kullback–Leibler distance whi
proved to be suitable from a computational point of view. W
will now describe the general approximation scheme. Det
as well as numerical simulations may be found in Ref. 1

Let m,nPPE , n!m. Then the Kullback–Leibler dis-
tance,

KL~m,n!ªE
E
logS dn

dm Ddn5E
E

dn

dm
logS dn

dm Ddm

is positive~but maybè !, vanishes if and only ifn5m and
is a convex function of bothm andn. We will now define the
approximative filtering process in the course of the follo
ing:

Definition 8: Suppose a parametrized set of pd
(P,p,l) is given as well as a filtering processpn . Suppose
the following requirements are met:

~1! We assume the initial measurep0ªP(X0P•) to be
given and fixed throughout this chapter.

~2! pn!l. The densities will be denoted bypn(x). Since
p(•,u);l, we also havepn!p(•,u) for all u.

~3! For anyn!l, KL(p(•,u),n) is a convex function on the
convex parameter spaceQ,Rd.

~4! For anyn!l, there is au(n)PQ with the property

KL~p~•,u~n!!,n!<KL~p~•,u!,n! ;uPQ

and equality impliesu5u(n). So u(n) is the unique
minimizer of KL(p(•,u),n).

Then we can define theapproximative filtering process
$un%n>0 on Q by

u0ªu~p0!,

unªu~S~Yn ,p~•,un21!!!.
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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Obviouslyun is a function ofun21 andYn . We will also call

p̃nªp~•,un!

the approximative filtering process.

VI. GENERAL ERROR BOUND FOR THE
APPROXIMATIVE FILTERING PROCESS

In Sec. V we proposed a scheme to approximate
filtering process on the level of probability distribution
Suppose a stochastic processp̃n on PE intended to be an
approximation of the correct filtering processpn is given.
The question is whetherp̃n is a good approximation ofpn or
not. A possible way to characterize ‘‘good approximation
is to calculate the KL-distance betweenp̃n and pn . How-
ever, a more natural criterion is the accuracy up to wh
expectations like* f (x)pn(dx) are reproduced usingp̃n in-
stead ofpn . If p̃n!pn and f PCB(E), then

U E f ~x!pn~dx!2E f ~x!p̃n~dx!U
<E u f ~x!uUdp̃n

dpn
21Upn~dx!

<max
x

u f ~x!u E Udp̃n

dpn
21Upn~dx!.

The quantityTV(m,n)ª* u (dm/dn) 21un(dx) is called the
total variation distance. Ifm, n have densities with respect t
Lebesgue measure it can be written in the form,

TV~m,n!ªE um2nudx.

It turns out thatTV is symmetric, convex in both argument
vanishes iff m5n and satisfies the triangle inequality~in
contrast to theKL-distance!.

Lemma 9: ~1! If w is a Markov kernel, then

TV~wm,wn!<TV~m,n!.

~2! BetweenKL and TV the following relations hold:

TV~m,n!<2A12exp~2KL~m,n!!,

TV~m,n!<2AKL~m,n!.

The first inequality is called Bretagnole–Huber inequal-
ity, the second Furstemberg inequality. In both inequaliti
the right hand-side is a concave function ofKL.

Proof: For the first assertion, see Ref. 14. For t
Bretagnole–Huber inequality, see Ref. 15. The second
equality is an easy consequence of the first. h

So far there is not the least bit of evidence that the al
rithms defined in the definition will actually work. The pro
cessp̃n is controlled only byun which in turn depends on
un21 andYn , that is, has only restricted input from outsid
In the course of the approximation, no reference topn is
made. This may lead to an unbounded amplification of
rors. However, results on the stability property of the nonl
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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ear filter16–18 give hope that the filter may be insensitive
errors in the initial condition which leads to a damping of t
errors in the course of the approximation. We will first co
sider again the tentmap example@Eq. ~3!# already encoun-
tered in Sec. III exemplifying our assertion and then form
ize the statements.

Figure 2 shows the time evolution of two probabili
distributions~more specifically their densities! under the op-
eratorS(0.25,•) @see Eq.~6!# in the left resp. right column
The first row shows the initial densities which have be
chosenad libitum. The solid line curves in the second ro
show the densities after applying the transition kernel. T
dashed–dotted line isg((0.252x)/s). The third row shows
the final product after normalization. It is apparent that
effect the densities are much more similar than at the be
ing. This observation is of general nature. We will howev
not prove the stability for this model~see end of this section!
but for the models given in Example 2.

For our analysis we need yet another metric for m
sures called the Hilbert metric. Call two measuresm,n
PME comparableif there are two positive constantsc1 ,c2

so that

c1<
m~A!

n~A!
<c2 ;A.

This is actually equivalent tom;n and

c1<
dm

dn
<c2 .

The Hilbert distance is defined as

H~m,n!ª inf~ log~c2 /c1!!,

FIG. 2. The time evolution of two probability distributions~more specifi-
cally their densities! under the operatorS(0.25,•) @see Eq.~6!# is shown in
the left resp. right column. The first row shows the initial densities. T
second row shows the probabilities after applying the transition kernel~solid
line!. The dashed–dotted line isg((0.252x)/s). The third row shows the
final product after normalization.
Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP
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where the infimum is taken over all suchc1 ,c2 . We have the
following properties ofH:

~1! H is symmetric;
~2! H vanishes iffm5c•n for a positivec;
~3! H fulfills the triangle inequality;
~4! H(am.bn)5H(m,n) for positive constantsa,b;
~5! If f is positive and inL1 , define the measures dm̄

5 f dm, dn̄5 f dn. ThenH(m̄,n̄)5H(m.n).

This immediately yields for the filtering process

H~S~y,m!,S~y,n!!5H~wm,wn!

since the normalization and the multiplication withg(¯)
cancels out~see Ref. 16!. Furthermore, the Hilbert distanc
has outstanding properties in connection with positive ope
tors. We restrict our attention to Markov transition kernels
m,n are comparable, then so arewm,wn and

H~wm,wn!<H~m,n!.

Furthermore,

sup
0,H(m,n),`

H~wm,wn!

H~m,n!
<tanhS D

4 D ,

where

Dªsupm,nPPE
H~wm,wn!

is the projective diameter ofw ~see Refs. 16 and 19!. For a
Markov kernel satisfying the conditions of Theorem 13 w
haveD<2 log(c1 /c2), whence

H~wm,wn!<tH~m,n!,

wheret5tanh(log(c1 /c2)/2),1.
This analysis shows that such Markov kernels have

negative Lyapunov exponent with respect to the Hilbert m
ric. According to the properties of the Hilbert metric, th
behavior immediately carries over to the filter and will b
exploited in our error analysis to follow soon. The techniq
of using H in connection with filtering was~to our knowl-
edge! first used in Ref. 16.

A connection to the total variation distance is given
the following lemma:

Lemma 10: In general,

TV~m,n!<
2

log 3
H~m,n!,

where the right-hand side is maybe infinite. Furthermore
w satisfies the conditions of Theorem 13, then

H~wm,wn!<2 logS 11
c2

c1
TV~m,n! D .

Proof: The first inequality is due to Atar and Zeitouni.16

The second inequality is due to Kushner and Budhiraja.18h

Now we are ready to embark for the first estimate on
error of our approximative filtering process. Let

~1! $Xn% be a Markov process satisfying the conditions
Theorem 13;

~2! pn be the true filtering process;
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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~3! p̃n be a process obtained by the approximation sche
8;

~4! Sk
n(m)ªS(Yn ,S(Yn21 ,S(¯S(Yk ,m)¯) be the k11

fold iterate ofS with argumentsm andYk¯Yn , where,
if k.n we set Sk

n(m)5m. We also write Sn(m)
ªS(Yn ,m).

Then a direct application of the triangle inequality yields
e

ce

en

.
m
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e TV~pn ,p̃n!<TV~Sn~p̃n21!,p̃n!

1 (
k51

n21

TV~Sk
n~p̃k21!,Sk11

n ~p̃k!!

1TV~S1
n~p0!,S1

n~p̃0!!. ~9!

The first term is by the Bretagnole–Huber inequal
bounded by
ushner–
TV~Sn~p̃n21!,p̃n!<2A12exp~2KL~Sn~p̃n21!,p̃n!!.

The other terms concern comparable probability measures, so we apply the Atar–Zeitouni inequality and the K
Budhiraja inequality to get

TV~Sk
n~p̃k21!,Sk11

n ~p̃k!!<
2

log 3
H~Sk

n~p̃k21!,Sk11
n ~p̃k!!<

2

log 3
tn2(k11)H~Sk

k11~p̃k21!,Sk11~p̃k!!

<
2

log 3
tn2(k11)H~wSk~p̃k21!,wp̃k!<

4

log 3
tn2(k11) logS 11

c2

c1
TV~wSk~p̃k21!,wp̃k! D .

Since log(11 (c2 /c1) x)< (c2 /c1) x we get finally using again the Bretagnole–Huber inequality,

TV~Sk
n~p̃k21!,Sk11

n ~p̃k!!<8
c2

c1 log 3
tn2(k11)A12exp~2KL~Sk~p̃k21!,p̃k!!.

In a similar manner, the last term can be treated to give

TV~S1
n~p0!,S1

n~p̃0!!<8
c2

c1 log 3
tn21A12exp~2KL~p0 ,p̃0!!.
that
he
ur-
ert
be

ly if

for
ns
he
Since 2<8(c2 /c1 log 3)5..C we get finally

TV~pn ,p̃n!<
C

t (
k50

n

tn2kRk , ~10!

whereRk is the approximation residual given by

RkªA12exp~2KL~Sk~p̃k21!,p̃k!!

if k.0 and by

R0ªA12exp~2KL~p0 ,p̃0!!

if k50.
Recall thatKL(Sk(p̃k21),p̃k) ~resp.KL(p0 ,p̃0)) is ex-

actly the quantity we minimize in the approximation schem
Indeed,p̃k is chosen to minimizeKL(Sk(p̃k21),q), whereq
varies over the parametric family of distributions. Sin
A12exp(2x) is increasing, the algorithm ‘‘optimizes’’ the
bound~10!.

Furthermore, remark that the calculations circumv
Hilbert distances of the formH(Sk(p̃k21),p̃k), whence we
do not need to assume thatSk(p̃k21) andp̃k are comparable
This would be a quite inconvenient restriction of the para
etrized families.
.

t

-

The whole analysis was done under the assumption
$Xn% satisfies the conditions of Theorem 13. If this is not t
case, the Kushner–Budhiraja inequality is not valid and f
thermore the Lyapunov exponent with respect to the Hilb
metric may be 1, so the filter is not so easily proved to
stable. In this case a more involved analysis of theTV dis-
tance is required. Basically the same considerations app
we know that

lim
n→`

1

n
log sup

TV~S1
n~m!,S1

n~n!!

TV~m,n!
,1, ~11!

where the supremum shouldnot be taken over allm,nPPE

but only over the restricted set

$S~yn ,S~yn21 ,...,S~y1 ,m!¯ !!;mPP,yiPR%,

whereP is the parametrized set of distributions chosen
the approximations. This is basically the set of distributio
that may appear in the course of the approximation. T
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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existence of the limit in~11! may be shown using Kingman’
subadditive ergodic theorem.20 We have not carried out th
analysis, but we would like to remark that the nonlinear fil
for CSK-schemes doesnot satisfy the conditions of Theorem
13 and in fact isnot insensitive to its initial conditionin
general. Suppose that in the CSK setup,f 0 and f 1 have two
distinct periodic orbits in common, that isx̄5$x1¯xp% and
z̄5$z1¯zq% are periodic orbits for bothf 0 and f 1 . Then the
filtering process initialized with a measure supported onx̄
will always have support onx̄. The filtering process correctly
reproduces the fact thatXn cannot escape fromx̄. The same
holds for the periodic orbitz̄. So the two filtering processe
initialized with a measure supported onx̄ and onz̄, respec-
tively, will never become similar in any sense ifn goes to
infinity.

However, looking back to Fig. 2 we see apparently
stability property. The main point here seems to be that
densities we start within our numerical example are smo
Then it is pretty obvious how the stability emerges: T
Frobenius–Perron operator stretches the function and
reduces all slopes~in this example, by a factor of 2!. Then
multiplying with g(¯) ~dashed–dotted line! effectively cuts
out a small part of the function leading to a further regul
ization. So for CSK-schemes, the filter seems to be stable
a restricted class of initial conditions. We conjecture that t
is the case for initial distributions having a density
bounded variation with respect to the Lebesgue meas
This would suffice for most applications.

In Fig. 3 we show a logarithmic plot of theTV of two
filtering processes for the tentmap example@Eq. ~3! in Sec.
III # initialized with two different densities. The Lyapuno
exponent of the filter seems to be>20.88 and the stability
of the filter is apparent in this case.

VII. A BOUND ON THE BIT ERROR RATE

We have seen how to build the optimal causal recei
using the nonlinear filtering process. Since the nonlinear
tering process cannot be calculated in general, we sugge
several approximation schemes. In Sec. VI we gave a bo
on the error between the true and the approximative filter
process. In this section we show the implications of this
sult on the bit error rate obtained by receivers based on
proximative filtering processes rather than the true one. C
sider the function

FIG. 3. A logarithmic plot of theTV of two filtering processes for the
tentmap example initialized differently. The stability of the filter is appar
in this case.
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f n~y!ªU E 1

s
gS y2h~x!

s D ~w12w0!pn21
n ~dx!U.

From Sec. IV we know that

BEPn
n5

1

2
EnF12E f n~y!dyG .

We now have using the triangle inequality,

U E 1

s
gS y2h~x!

s D ~w12w0!pn21
n ~dx!U

5U E 1

s
gS y2h~x!

s D
3~w12w0!~pn21

n 2p̃n21
n 1p̃n21

n !~dx!U
<U E 1

s
gS y2h~x!

s D ~w12w0!p̃n21
n ~dx!U

1U E 1

s
gS y2h~x!

s D ~w12w0!~pn21
n 2p̃n21

n !~dx!U.
~12!

The second term can be bounded using the triangle ineq
ity,

U E 1

s
gS y2h~x!

s D ~w12w0!~pn21
n 2p̃n21

n !~dx!U
<E 1

s
gS y2h~x!

s D uw~pn21
n 2p̃n21

n !u~dx!.

The integrant is an integrable function ofx andy so we can
replace the second term in~12!, integrate overy, and reverse
the order of integration in the second term to get

E UE 1

s
gS y2h~x!

s D ~w12w0!pn21
n ~dx!Udy

<E UE 1

s
gS y2h~x!

s D ~w12w0!p̃n21
n ~dx!Udy

1TV~wpn21
n ,wp̃n21

n !

<E UE 1

s
gS y2h~x!

s D ~w12w0!p̃n21
n ~dx!Udy

1TV~pn21
n ,p̃n21

n !,

since TV(w•,w••)<TV(•,••) ~Lemma 9!. In exactly the
same manner~exchanging the role ofp and p̃! one obtains

E UE 1

s
gS y2h~x!

s D ~w12w0!pn21
n ~dx!Udy

>E UE 1

s
gS y2h~x!

s D ~w12w0!p̃n21
n ~dx!Udy

2TV~pn21
n ,p̃n21

n !.

If we define the quantity,

t
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BẼPk
n
ª

1

2
EnF12E UE 1

s
gS y2h~x!

s D
3~w12w0!p̃n21

n ~dx!UdyG ,
which is the same as BEPk

n but with p replaced byp̃ we can
write our estimate as

uBEPk
n2BẼPk

nu< 1
2 EnTV~pn21

n ,p̃n21
n !.

We assume now the validity of the estimate~10!. Then we
get

uBEPk
n2BẼPk

nu<
C

2t (
k50

n

tn2kEnRk .

So far this estimate is of restricted practical use since b
the approximated bit error probability BE˜P as well as the
right-hand side of the above estimate involve thetrue expec-
tation En .

Under the additional assumption that the compound p
cess$Yn ,un% is ergodic, then we can computeEnRn and
BẼPn in an offline experiment, sinceRn is a function ofun21

and Yn , and furthermore BE˜Pn is the expectation over a

function depending onun21 only. Then both BĒPn andEnRn

are asymptotically equal to a constant depending on the
tem and the approximation algorithm and can be compu
numerically by an empirical mean over a long realization

VIII. CONCLUSION

In this paper we investigated a certain class of comm
nication schemes. Basically we consider a transmitter wh
internal state is a Markov process depending on a mes
which is in turn a binary sequence of independent and id
tically distributed random variables. At the receiver a tim
series$Yn% is recorded, whereYn is a function of the trans-
mitter state plus additive noise. We formulate the recei
problem as the question: What is the value of the ac
message bitMn given the time seriesY1 ,...,Yn . We show
that the optimal receiverM̂n ~giving the least probability of
errors! can be obtained using results from nonlinear filterin
Furthermore, straightforward application of known results
ergodic properties of the nonlinear filter leads to results
asymptotic properties ofM̂n .

A quite well known problem of the optimal nonlinea
filter is the unbounded growth of its complexity. This pro
lem appears to be present also in our communication se
This underlines the necessity of approximations of the n
linear filter and in turn of the optimal receiverM̂n . Assum-
ing a quite general approximation scheme we derive e
bounds on the approximative nonlinear filter as well as
the optimal receiver. It turns out that the validity of the
calculations essentially depends on a stability property of
nonlinear filter or, roughly speaking, on its largest Lyapun
exponent.

The following questions left open in the paper merit fu
ther investigation. First, a lot of interesting and frequen
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investigated communication schemes~either novel or classi-
cal! do not fall into the classes investigated here. These
~among others!

~1! Shift keying schemes where two independent dynam
systems run in parallel. The output of the first or t
second system is transmitted~for a certain amount of
time! depending on whether the bit to be transmitted w
zero or one, respectively. Sometimes two chaotic s
tems are used~see, for example, Ref. 21!, whence this
setup, although different from Example 1, is called ch
otic shift keying as well.

~2! Setups where the transmitted signal is again the outpu
a dynamical system, but now the state space is divi
into two regions representing the bit zero or one, resp
tively. By nonlinear control methods this system
steered into one of the regions after the other depend
on the bits to be sent. Of course, at the receiver side
problem is to locate the position of the system in st
space to recover the bits. Of particular interest are s
tems where the control input vanishes for a possibly
stricted set of messages. This indeed can be the cas
chaotic systems, where the remaining set of messag
still sufficiently large for communication.22 At the re-
ceiver side the system then can be considered as aut
mous.

~3! System with more users involved.
~4! Communication systems based onsynchronization. In

Ref. 23 a setup is considered where the message~actu-
ally a continuous valued message is permitted! appears
in the state space equationand in the transmitted signal
In the case of no measurement noise a synchroniza
based receiver reveals the message with asymptotic
vanishing error. Synchronization in the presence
chaos, however is known to be quite sensitive to noise
the transmission line, so the receiver fails for even sm
amounts of measurement noise. In other words, the
ceiver for the noise free case appears to be a too sim
an approximation of the optimal receiver and has to
replaced by more sophisticated devices.

A further field of investigation may concern CSK
schemes. It turned out that CSK-schemes often do not fu
the assumptions required to obtain the results of the pa
However, this does not mean that these results canno
extended to CSK-schemes, maybe in weaker form. A fi
step obviously is to give conditions on the ergodicity
CSK-schemes, which apparently in many investigations p
lished so far was tacitly assumed. We already mentioned
a modified aperiodicity assumption seem to make the an
sis of Ref. 9 applicable also in this case. Furthermore, pr
ing the negativity of Lyapunov exponents for the nonline
filtering process associated with CSK-schemes is quite
portant. We already mentioned that a possible route goes
densities of bounded variation.
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APPENDIX: ERGODIC THEORY OF MARKOV
PROCESSES

We recall some results about ergodic properties of M
kov processes. We will keep the same notation as in
paper, namely, let

~1! E a polish~complete separable metric! space;
~2! BE the Borel field;
~3! PE the space of probability measures onE;
~4! Cb(E) the spaces of continuous bounded functions

E;
~5! B(PE) the Borel field ofPE enowned with the weak

topology.

We write as usual

E f ~x!P~dx!

for the Lebesgue integral off over P. A measureQ is ab-
solutely continuouswith respect toP ~write Q!P! if P(A)
50 always impliesQ(A)50. In this case there is a functio
denoted by dQ/dP ~Radon–Nykodym derivative, see Ref.!
with the property,

Q~A!5E
A

dQ

dP
~x!P~dx!.

If both Q!P and P!Q, they are calledequivalentand we
write P;Q.

Definition 11: A random process$Xn% is stationaryif, for
any k and sets AjPBE the probability P(Xn11

PA1 ,...,Xn1kPAk) does not depend onn, i.e., is invariant
with respect to time shifts.

Lemma 12: A Markov process is stationary iff the prob
ability measuren(A)ªP(X0PA) has the property

n~A!5E w~A,x!n~dx!.

Such a measure is calledinvariant.
Proof: See Ref. 5. h

The question arises wether for a given transition ker
w(A,x) there is an invariant measuren so that the canonica
process on (E`,Pn,B E

`) is stationary. A fruitful idea is to
consider iterates of the kernel: Definew (1)(A,x)ªw(A,x)
and iteratively

w (n)~A,x!ªE w~A,z!•w (n21)~dz,x!.

The following theorem gives conditions under which the
quencew (n)(A,x) generated by a Markov transition kern
converges to an invariant measure.

Theorem 13: Suppose there is a finite measurem and
two positive constants c1 ,c2 with the property,

c1m<w~•,x!<c2m f or all xPE, ~A1!
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then there is an invariant probability measure s absolut
continuous with respect tom. Furthermore, there are con-
stants K>0 and 0,d,1 independent of x with

sup
APB E

uw (n)~A,x!2s~A!u<Kdn.

Proof: The theorem is a slight modification of resul
presented in Ref. 24, Chap. V~Sec. 5!. h

A trivial verification shows that ifw (n)(•,x) satisfies the
conditions of Theorem 13, then we also have the proper

lim
n→`

E u f w (n)~x!2s~ f !us~dx!50 ; f Cb~E!. ~A2!

Condition~A2! ~which is weaker than the result of Theore
13! will prove to be essential for ergodic properties of t
filtering process.

Starting with s as the initial distribution, the resulting
probability on the probability space (E`,B E

`) is denoted by
Ps, as for every probability measuren on E the resulting
probability on (E`,B E

`) is denoted byPn.
Stationary processes may or may not beergodic. We

recall the basic concepts of ergodic theory. Let$Xn%nPN be a
stationary process. An eventA is invariant if there is a fixed
BPB` so that for anyk, A can be represented as

Aª$vPV;~Xk ,Xk11 ,...!PB%.

The invariant events form as-algebra denoted byI. This is
the basis for the following famous result:

Theorem 14„Birkhoff’s ergodic theorem…: Let Xn be a
stationary process, EuX1u,`. Then the following limit holds
a.s. and in L1 :

1

n (
k51

n

Xk→E~X1uI!.

Proof: See Ref. 5. h

If Xn are iid random variables, all invariant events ha
probability zero or one~Kolmogorovs zero-one law!. Obvi-
ously, thenE(X1uI)5E(X1), and Birkhoff’s ergodic theo-
rem translates into the strong law of large numbers. To g
eralize this, call a processergodic, if all invariant events
have probability zero or one. Obviously, a process is ergo
iff all random variables measurable with respect toI are a.s.
constant. Hence, ifEuX1u,` and the process is ergodic
E(X1uI)5E(X1) and Birkhoff’s theorem gives

1

n (
k51

n

Xk→E~X1!

both a.s. and inL1 .
Obviously, conditions for ergodicity are quite essentia
Lemma 15: ~1! Let f:E`→R be measurable. Then th

process

Ynª f ~Xn ,Xn11 ,...!

is stationary (ergodic) if Xn is stationary (ergodic).
~2! A stationary process Xn is ergodic iff all random

variables measurable with respect toI are a.s. constant.
~3! If a process Xn admits auniquestationary measure it

must be ergodic.
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Back to Markov processes we have the following more s
cial criteria:

Lemma 16: ~1! If E is compact, there are always invar
ant measures forw:

~2! If an invariant measuren for w is unique, then Pn

must be ergodic.
~3! Let n be an invariant measure forw. Then if any f

PL1(E,n) with the property

f w (n)~x!5 f ~x!

is n-almost sure constant, then Pn must be ergodic.
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