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Analyzing communication schemes using methods from nonlinear filtering
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The perfomance of a class of communication systems is investigated in a probabilistic framework.
We investigate the bit error probability of the optimal as well as approximately optimal receivers. In

general the latter turn out to be unavoidable due to the computational complexity of the

former. © 2003 American Institute of Physic§DOI: 10.1063/1.1499256

We investigate a certain class of communication schemes is sent, in contrast to Wiener’s setup, where a manipulation is
including chaotic systems. Nonlinear filtering theory is  possible at the receiver side only. This is an important tech-
employed to obtain a representation of the optimal re- nical difference between the two theories.

ceiver. Using known results on the filtering process we In this paper we will consider a setup that is more related
investigate the bit error probability. It is well known that to Wiener’s setup. More specifically, we assume that a cer-
in general there is no closed form expression of the non- tain signalY,, is transmitted, wher& , is a real number and
linear filter. Therefore, in practice approximations are  ne N plays the role of time. In this paper, only discrete time
necessary for the nonlinear filter in general and the opti-  processes will be considered. The sigvialis the sum of two
mal receiver in particular. We obtain bounds on the ap-  partsY,= X, +W,, whereX, in turn is the information car-

proximation error using stability propertigs of the filter. . rying quantity andw, is an unwanted part or noise,,,
These bounds also apply to approximations of the opti- however, is not the desired information itself but a physical
mal receiver. carrier signal that meets some technical demands imposed on

the transmission system. The information is in our case just a
stream of bitsM,e{0,1} which we assume to be indepen-
I INTRODUCTION dent and identically distributed. The assumption here is that

Since the invention of telecommunication its technicalthe signal is optimally coded and all redundancy is removed.
aspects have been subject to vivid research. Usually the teldhis information is modulated intX,, i.e., X, is (not equal
communication engineer’s goal is to quantify and to opti-to bub depends oM ...M,. More specific assumptions on
mally payoff between the demands of low cost, low error andhis dependence will be imposed in Sec. IlI. The basic ques-
high rate of information transfer. Of course, to obtain non-tion is: How can we recover the messalge, from the re-
trivial results certain restrictions on the given setup have tgeived time serie¥;---Y,?
be imposed. Of course this question referred to as tkeeiver prob-

A new era of information theory was heralded by thelemis very complicated to answer in general and has various
pioneering works of Shannon and Weavand Wienef The  theoretical as well as computational aspects. We will try to
book of Shannon and Weaver contains the basic ideas arfiive a partial answer to this question for a specific setup.
results on channegland source coding. Wiener’s work ad- The outline of the paper is as follows: In Sec. Il we will
dresses the problem of reconstructing a stationary time seriéive a brief overview over Shannon’s and Wiener's work and
that was received in error due to corruption by noise. Al-the main differences. As already mentioned, our paper is
though the aim of both works is to combat a nonreliablemore in spirit of Wiener’s work. However, this does not
transmission channel, the respective setups and assumptiomgan that it has no significance for results following Shan-
are quite different in detail. While Wiener solves his problemnon’s work. This is explained in detail in Sec. II. Since this
by salient handling of elaborated stochastic tools, Shanno®ection is not necessary for an understanding of the rest of
applied elementary methods and a couple of completely newhe paper it may be skipped at first reading.
and ingenious ideas. In Sec. Il we will present the theory of nonlinear filter-

We will briefly review both concepts in Sec. Il. The main ing. This theory generalizes Wiener’s original question to the
reason is that in this paper we will talk about communica-problem of finding the best estimat¢in a mean square
tion, and the reader may have tft@mpletely justifiefiques-  sensg of X, amongall possible estimatorgnd not just the
tion, how the presented results are related to Shannonlinear ones, as considered by Wienedf course, this esti-
theory. Probably to his or her disappointment, however, itmator depends not only on spectral properties of the involved
will turn out that our paper, although concerned with theprocesses but on their entire probability distributions. It turns
transmission of messages, is more in spirit of Wiener’s workout that the fundamental quantity emerging from nonlinear

As will be explained in Sec. Il in Shannon’s setup it is filtering theory is the conditional probability oX,, given
assumed that the message is manipul&iefdre and afteit Y. --Y,. We will try to give a fairly general presentation of

this subject, keeping the mathematical level as elementary as
¥Electronic mail: joroe@physik3.gwdg.de possible.
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Section IV explains why for the considered models the [ o words |code words

results from nonlinear filtering can be used to build receiv-
i . i of Length 4|of Length 6

ers. It turns out that theptimal receiverevaluates a simple

.. . . . . L 0000 010001
decision criterion that involves the conditional probability ...|0101/1001]...  Message
calculated in nonlinear filtering. Furthermore, results con- oot 000011 1
cerning the asymptotic properties of nonlinear filters are em- | 0010 | 010100
ployed to calculate asymptotic bit error rates. 0011 000111 .

In Sec. Ill the reader already gets aquainted not only | 0100 011001 1001010/100011]. .. Correspondig code words
with the benefits but also with the difficulties of nonlinear 0101 001010 B
filtering. A general problem is that the nonlinear filter obeys 0110 011101 ‘
an infinite dimensional dynamics. Referring to known results 0111 001111
we will explain that an explicit expression for the optimal 1000 | 110000 ¢ .
estimator is seldom available in a nonlinear context. There- | 100011 ---|001011[100010]. .. Transmitted code words
fore, approximations are essential. This is the subject of Sec. 1610 110101 4
V.

In Sec. VI we will show how error bounds on the ap- o roor1o !
proximations can be obtained. The filter can be viewed as a| 1100 | 111001 _|0101[1001]. ..  Decoded Message
dynamical system on the space of probability distributions | 1101 101011
which is infinite dimensional but in some cases insensitive | 1110 111100 (b) Communication Scheme
with respect to its initial condition. The approximation con- 1111 101111

sists, roughly speaking, of replacing each iteration step of

this system by a simpler step. If the filter is stable, then the

error obtained in every step witlot be amplified and there- g 1. panela shows all words of length 4first column. The second

fore a bounded total error remains. column contains possible code words of length 6. Péeshows a com-
Finally, in Sec. VIl we apply these results to the receivermunication setup using the code.

problem. It turns out, that an explicit bound on the maximal

achievable bit error rate can be obtained.

(a) Codetable

set is called acode of rate R The elements of this set are
called code words, hence there atB"? code words. We can
transmit a message using this code by simply dividing the
In Shannon's channel coding theory the problem of in-message into blocks of lenglRN] (at most 2*N different
formation transmission over a not fully reliable channel isblocks can appeamnd assigning a code word to each such
considered, i.e., it is assumed that with a certain probabilityplock. Now the code word can be sent through the channel.
the transmitted message is decoded in error. It is pretty obRecall that the code word has length but the message
vious that a certain amount of errors can be corrected at thielock that is assigned to the code word has lenght [dRI|.
receiver’s side if a certain amount of the transmitted messag80 using the code effectively reduces the transmission rate
is redundant. For example, every bitssuming the message by a factor ofR. In Fig. 1 we usedN=6 andR=2/3, i.e.,
is represented as a stream of zeros and Jonas be sent 1/3 of the bits are redundant.
twice. The surprising result of Shannon and Weaweas If a code word is transmitted, at the receiver’s side a
that a finite and fixed amount of redundancy is sufficient toword of N bits obtains. However, some of the bits are
achieve ararbitrarily small amount of errors. This will be received in erroin Fig. 1 the last bits of both code words
explained a littte more in detail now. The reader alreadyare incorredt So a received block ofl bits forms a word
acquainted with this theory may skip this section. It containghat is usuallynot a code wordalthough this may acciden-
no material inevitably necessary for the remainder of thdally be the case Here in general @ecoderis needed that
paper. maps any word of lengttN back onto a code word. For
Suppose we are concerned with binary messages onlgxample, we may take the code word that has the smallest
i.e., the message is a stream of bits. Suppose the transmitt@mount of bits different from the received wofohinimum
allows for one bit per second to be sent. At the receiver sidélamming distance Finally, inverting the message-code as-
we also obtain a bit per second, but with a certain probabilitysignment, we get back what is supposed to be the transmitted
this bit is different from the bit that was transmitted. This message.
behavior can be expressed in & 2-matrix, For a given channel, the performance of this scheme
obviously depends on the raR the lengthN, the chosen
set of code words and the decoder. The outstanding theorem
wherei,j=1,2. of Shannon states that associated to the channel there is a
Let us now formalize the procedure of introducing re- numberC called thecapacity with the following property:
dundancy. The basic idea is to usealeas follows(see also By taking N sufficiently large we can find a code of rd&e
Fig. 1). Consider all possible words of, sdy,bits. There are arbitrarily close toC and a decoder yielding arbitrarily small
2N such words. LetR<1 and specify a subset containing transmission error. This is called the direct part of the coding
only 2IRN'words. Herd - | means the integer part. This sub- theorem. If howeveR is larger tharC, the error is bounded

II. SHANNON VS WIENER

pij:=Prob. of receivingi when j was sent,
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away from zero. This statement is called the converse partnance of a given receiver can be improved using manipula-
Actually, Shannon and Weaveproved this resulttogether tions of the message before and after transmission.
with an explicit expression fo€) in the case of memoryless Actually, Shannon’s classical result can be established
channels, i.e., the probability that a transmission error occurgsing a quite suboptimal receiver. Nevertheless, the tradeoff
at timen does not depend on what has happened in the padtetweenN and the error depends heavily on the decoder,
Note that in a practical situation to establish a reliablewhich is important in practical applications. Furthermore,
communication with rates close to the channel capacity it iSShannon’s result is valid in full generality only for memory-
necessary to manipulate the information carrying quantityess channels. For channels having memory, the problem
before and afterit is sent. The situation considered by turns out to be quite difficult. In general, a differe@tap-
Wienef that will now be described briefly however does not pears in the direct and the converse part of the coding theo-
permit a manipulation of the signal before transmissionrem, i.e., it is stated that at ratesC, reliable communica-
which from a communication theoretic viewpoint constitutestion is definitely possible and at ratesC, definitely not, but
the main difference between Wiener’s and Shannon’s setupn generalC,<C,. Furthermore, the results usually depend
As in Shannon and Weavers work, Wiener considers deavily on the employed decoders. In general, to obtain a
stationary stochastic proceXs ,ne 7 as the quantity carry- larger C in the direct coding theorem, more sophisticated
ing the desired informatiofin contrast to Shannon however, decoders are necessary, probably having a complexity pro-
it is not explicitly considered as a messadée assumes that hibiting their practical implementation.

at the receiver the proce¥s=X,+ S, obtains, where, is Thus for application and extension of Shannon’s theo-
the unwanted part or the noise. Hence effectively he assum@&sm, good decoders are mandatory. By good we mean as
a very specific form of a channel. reliable as necessary to obtain the direct coding theorem at

Wiener now considers the problem of reconstructifgg  high rates, but as simple as possible to be implementable in
from Y, in a linear manner. More specifically, taking the applications. Of course, in this paper we will not solve the
ansatz, problem completely. The basic aim of this paper is to con-

vince the reader that a possible route to good decoders goes

K = E af(”)Yk ) via the beforementioned theory of filtering.
k=—o
and the least mean square optimality criterion, [1l. NONLINEAR FILTERING
E(X -% )2=min! In this section we present the theoretic background of
n n :

the paper, namely the theory of nonlinear filtering and some

he obtains an equatiofwWiener—Hopf equationfor the co-  auxiliary stochastic tools.
efficients,a(k”), whereE(-) denotes the mathematical expec- In general message transmission is done employing a
tation. It turns out that only auto and cross correlationX,pf  (usually electronigdevice called the transmitter. The internal
and Y, enter the Wiener—Hopf equation. Wiener studies astate of the transmitter at time instan& IN is assumed to be
variety of related problems, mainly differing in how much determined by a variabl¥,, in an appropriate space. The
Y’s enter the right-hand side of the anséiz The resulting stateX,, depends on its predecessofs --X,_1, the mes-
Wiener—Hopf equations are tackled by spectral methods. sage to be transmitted and some additional random influ-

Wiener finished his work already in 1942, but due to itsences. In this paper we will only allow for the simplest pos-
significance for war time issuegadar tracking, automatic sible messages, namely, a sequefiek,} of independent,
fire contro) it was not classified and published until 1950. identically distributed random variables assuming the values
Since then, a huge amount of improvements and generaliz& or 1 only. Furthermore, we assurv,, the message ele-
tions to Wiener’s theory have been conceived. The most imment at timen, to be independent of;---X,_, whence the
portant were probably the Kalman filténwhere Gaussian message element has influence only on the present and future
processes admitting a state space description where consievolution of the transmitter state.
ered and the extension to nonlinear stochastic differential Based on this general consideration a lot of transmitter
equations given by Stratonovich and independently by Kushmodels can be considered differing basically in how much
ner (see Ref. 4 for an overview past information enters the future evolutionXf. The sim-

All the works following Wiener show various attempts plest model of interest obtains if we assume tais, up to
to the solution of the general problem: Which was the signalandom disturbances, determined My, and X,,_ .
that led to the aquired data? Looking back to Shannon’s Usually a transmitter is employed to generate a signal
setup, we see that this is basically the decoding problenthat is capable of passing through a channel. For example,
which was the code word that led to the received data? Oneonsider a radio transmitter. The channel here is the atmo-
may even say thafirst Wiener’s theory(or its extensions sphere and the signal transmitted by the channel is the volt-
have to be applied to build good receivers dmenresults in ~ age at the antenna, which is a function of the transmitter
spirit of Shannon’s worki.e., coding are applied to improve state. Of course, atmospheric disturbances will take place
the performance of the receiver. In other words, to applyand lead to a corruption of the transmitted signal. In our
error correcting codes the receiver problem already has to bmodel channel noise is taken into account by additive iid
solved! Coding theory does not circumvent the receiverandom variables. Thus our model of a transmission channel
problem, it merely addresses the question how the perfoiis again a very simple one, namely we assume that the chan-
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nel outputY, is a function of the transmitter state corrupted P(Xpe AM1=i|X_1=X,M,=])
by additive noise. As a simple example let us consider the

following stochastic process on the unit interval: =pi- ¢(AX),
where we define
Xn+1=fm,,,(Xn), 2 _

@j(AX):=P(X e A Xp_1=X,M,=]). (4)
where Our setup allows us to assume that conditional probabilities
fo:[0,1—[0,1], x—|2x—1] as well as conditional expectations aegular. This means,
o-t= " ’ 3 for A held fixed, ¢(A,x) is an integrable function ix and
f,:00,0—[0,1], x—1—|2x—1] for any x held fixed, ¢(-,x) is a measurdsee Ref. 5 for

regular conditional probabilitig¢s
are the usual and the inverted tentmap. As received signal we It is easy to see thgi,} alone is a Markov process with
take simplyX,, itself. As random noise due to channel dis- transition probability  ¢(A,x):=P(X,eA|X,_1=X)
turbances we take random varialf,} which are indepen- =Z;¢;(A,X)p;. Let us shortly stop here for a short remark
dent, have a centered normal distribution with unit varianceabout canonical representationsf a stochastic process. If
and are independent ¢X,}. The signal arriving at the re- {Xpjn=0 iS @ Markov process on a probability space

ceiver now is assumed to be (Qx,Px,By) in discrete timeg(i.e., ne Ng) assumed to have
values in a complete separable metric spéae, a polish
Yn=Xqt+oW,, space E equipped with a Boreb-algebraBg, we can al-

) . . . . ways assume the probability space to be canonical,(0g.,
whereo is a given positive constant. The basic question, the_ E”, By=B%. According to Kolmogorovs theoren®y is
receiver problemnow is: Assume a sample of values well defined by specifying the finite dimensional distribu-
Y1,...,Y, has been recorded. What is the value of the MeSfions of {X,}. Since{X,} is Markov, the finite dimensional

sageM,? _ _ _ _ _ distributions are determined by the distributierof X, and
Let us mention also the basic question of nonlinear fil- 4 transition kernel.

tering, which reads slightly different: Assume a sample of

valuesYy, ...,Y, has been recorded. What is the value of ¢ BeXE—R,,

the system stat¥,? _
At first sight it seems superfluous to calculate the esti- (AX) = ¢(AX):=P(Xn+1 € AlXn=x)

mator for X,,, since we are eventually interested in gettingby the equation

estimators for the messadé, rather thatX,,. It will, how- PY(X e A N

ever, turn out that all these problems can be encompassed by<( 0 A0, K€ A

calculating a fundamental device, namely the conditional

probability of X, givenYy, . ..,Y,. This in turn is the main = fA e @(dXy, Xk—1)" (X1, Xo) v(dXo),

aim of filtering theory. How it can be employed to solve the K 0

receiver problem will be subject to Sec. IV. whereA,,...,A e Bg. The dependence onmis denoted by

Of course, the answer to the basic question in filteringthe superscript and in fact we consider not only one measure
cannot be given with infinite accuracy due to the unknownPyx on Qy but a whole familyPy . If v assigns probability
noise W, (except if c=0). What is desired are estimators one to a single poinze E we write P%. Further properties
[i.e., functionsX,=X,(Y1, . ...Y,)] having a goocaverage  Of Markov processesmainly concerning their ergodic be-
performance. Wiener's theory provides the blistar esti-  havion are summarized in the Appendix.
mator with respect to an average quadratic error criterion. NOw we turn to the channel. LeW,},-, be a process
For nonlinear systems, however, this estimator is outperof i.i.d. random variables having valueslin We assume that
formed by nonlinear estimators calculated by the theory othe W, have a probability density functiog with respect to
nonlinear filters which we now will present. Lebesgue measurke. We assume th¢W,} to be of zero

Let us formalize now our basic model of a transmitter.mean and unit standard deviation. By using Kolmogorov's
For a comprehensive presentation of the basic notions dheorem again we can assume the corresponding probability
probability theory used in the following we recommend Ref.space to be canonical, i.&=R", By=B", whereB is
5. A few notations are explained in the Appendix. Letthe Borel algebra oft. The probability measure is defined
(Q,P,A) be a probability space. L& be a complete sepa- by the finite dimensional distributions,

rable metric space angXq},.n:Q2—E (the transmitter k

statg as well as{M},c~:Q—{0,1} (the messagebe ran- PW(WleAl,...,WkeAk):H f g(x)dx.

dom processes. Furthermore we assume that the joint process =1 JA

{Mn+1.Xntnen, is Markov, the variable$M } are all iden- Furthermore, lefW,} be independent dfX,,}. It is well

tically distributed and M,,; is independent of known that the corresponding probability space covering
{Mis1, X dk=0--n—1- Let wu(A):=P(XoeA) and p; both {X} and {W} can be chosen al:=QyxXQ, P”
=P(M,=i), wherei=0 or 1. Then the initial distribution :=P{XPy, B:=Bx®By. The filtration of the process
of the process{M,.1,X,} is given by P(Xoe A,M;=i) (Xn,W,) is denoted byF, . Expectation with respect tB”

= u(A)p; and the transition probability is or P* will be denoted byE, or E,, respectively.
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Finally we introduce a third process callateasurement (A, u):=P"(mle A|lml_=u)

process Let h:E—R be a measurable function. Now define ) )
the procesgY,},=1 by turns out to be Feller, i.e., for any functioR:Pg—R

bounded and continuous in the weak topology, dlge(v)
Yn=h(Xy) +oW,. :=[F(u)II(du,v) is bounded and continuous in the weak

The o-algebras(Y1,...,Y,) is denoted byG, . Note thatw,  topology. To compute average quantities in the filtering prob-

and alsoY,, are defined fon=1, while X, is defined fom lem like average filtering errors or approximation errors, er-
=0. godic properties of the filtering process are required. The

The aim of filtering now is to estimate the “hidden” Main results needed in this paper are due to Sté_tm _
process{X,,} from the measuremen{s,} in a causal man- Kunita® to which we refer the interested reader. This section
is finished with the presentation of three examples serving as
standard models throughout this paper.

Example 1: (CSK schemépt {M,} again be a binary
message anfl,,f, be two continuous mappings of a closed
E[(Xn—Xn)21=E[ (Xn— E(Xn|Ga))?], interval | (which might be the whole real lingo itself. Let
Xo be a random variable and define the process,

ner, i.e., the estimatoX, of X, shall depend only on
Yq,...,Y,, thatis, it shall b&j,-measurable. It can be shown
(see, e.g., Ref.)a&that for any such estimator,

while if the equality hoIdsf(an(Xn|gn) almost sure. This
is a general property of the conditional expectation and also  Xn+1=fwm_, ,(Xn).

holds for estimators,, of f(X,?) f(_)r any measurable ft_mctlon The measurement process is taken as
for which E|f(X,,)| <, e.g., iff is bounded and continuous.
To calculate conditional expectations we considerfihe Yn=Xy+oW,,

tering processm, defined as whereW,, is Gaussiar(noise. The transition probability of

mh(A)=P"(X,eAlGy), X, is

where the conditioning og,, can be viewed just as a short- @(A,X)=P16t,(x)(A) +PoSi x)(A),

hand notation fofY;---Y,,. Define also L
oo where thedelta measures,(A) is 1 if ze A and 0 else. Often

| is chosen as the unit interval arig,f, are piecewise ex-
panding Markov maps. In this case this setup is catled-
otic shift keying(CSK) scheme.

If the distribution of X, has a density with respect to
Lebesgue measure, then so has the distributiof,af,, and
the Markov transition kernel translates into an operator on
L,, called theFrobenius-Perron-operator(FPO. The FPO
of a CSK-scheme is given by

h(y) h(y)
Lh(x)= —+ - )
) plyegl(x) |f1(y)| poyegl(x) |f0(y)|

=B X]Gn) = [ F00 (0

for a given bounded continuous functiénE— R. The aim
of filtering is to give convenient formulas far; as an ex-
plicit function of Yq,...,Y,.

It follows from the Kallianpur—Striebel formuldsee
Ref. 6 that

Y,—h
w,’j(f)zc-fEf(z)-g %) ngo(dz,x)w,’;_l(dx), (5)

wherec is the normalization constant,
If the distribution v of X, has anL® density mo(x) with
_ Yn—h(2) d v (g respect to Lebesgue measure, then also the filtering process
c=|g e(dz,x) g1 (dX). , o :
E o E 7, has a representation in terms of densitidenoted by

Let Mg be the space of all finite positive measureskn (X)) given by

Elements of Mg will be denoted by small Greek letters in , Y,—X ,
the following. Furthermore, denote B the subset of prob- mn(X)=C-g| —— L _1(X),
ability measures. Define the operator,

where agairc is normalization andy the density ofw, .
Piecewise expanding Markov maps are thoroughly in-
vestigated in Ref. 9. It is shown that there exists an invariant
)f o(dz,x) v(dx), (6) measurer on the unit interval which has a densitywith
E respect to Lebesgue measure that is of bounded variation.
wherec is again the norma“zing constant. SOy,) maps Furthermore, iff is aperiodic, this measure is exa('m par-
finite positive measures to probability measures. With thidicular, ergodic and the only one having a density with re-
definitions we have the iterative formula, spect to Lebesgue measurdhe densityh is everywhere
positive and for any continuous functidn
1 =S(Yyt 1)),

S:RXME—>PE,
y—h(2)

o

S(y,v)(A):=c: fA9<

Furthermore,my;=v. The processr;, called the filtering E”f(z)—>J fdx-h(z)

process is a random process ® and turns out to be a

Markov process. Introducing the weak topology Bga, the  uniformly in z. This analysis depends entirely on the FPO,
transition kernel and it turns out that much of it carries over to our setup.
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Especially there is an invariant measuren the unit interval was of course the linear Gaussian case. This example con-

which has a densiti with respect to Lebesgue measure thattains no message transmission and is presented here as a

is of bounded variation. The corresponding meadateis  standard example of filtering,

therefore stationary and the finite dimensional distributions

have all densities. Furthermore it can be shown that under a

modified aperiodicity assumption, any functigre L,(») on  whereW; has a Gaussian distribution with covariance ma-

the interval which is invariant under is v-almost sure equal trices{R,}, {F,} is a sequence af X d-matrices, anda,,} a

to a constant. It follows then from Lemma 16 of the Appen-sequence ofl-dimensional vectors. Furthermore assuxye

dix that P” is even ergodic. has a Gaussian distribution with covariance malijx Let
The relevance of CSK-schemes as models for a real timthe measurement process be given by the equation,

electronic transmitting device may of course be doubted. Y= GX 4+ bt W

They are however subject to vivid research on a more ab- noomnen e e

stract level. They are used to generate signals having desiredhere W,, has a Gaussian distribution with covariance

statistical propertiegsee, e.g., Ref. 20 matriesS,, {G,} is a sequence afx|-matrices andb,} a
Example 2: (Mixing procesd)et W/, be a process of iid sequence of-dimensional vectors. Then,

random variables oRY having a continuous and strictly

positive pdfd(x) with respect to Lebesgue measure. Let - - _ _ “liy_

f:R9—RY be a continuous and bounded function. Then the (%) J(2m)d detl“nexq 0-30x= o)L “(x= ptn) 1,

process

Xn+1=FpXptan+ W),

wherel',, and u, are given by
Ko 1= 1) Wy Foti=(Fol W F Ry 1+GLS, 16y,

is a Markov process satisfying the conditions of theorem

=Fpunta
(13). The transition kernel is given by Hra= ok T

+ Fn+1G:15r:l(Yn+l_ Gn(Fpunta,)—by).

¢(A,X)=f d(z—f(x))dz These equations are due to Kalmamnd a direct conse-
A quence of Eq(5).
and the FPO by The Kalman filter is an example where the filtering pro-
cess admits a parametrization. Thiss,(x) =7 (X, 6,) and
Lh(x)= f d(x—f(z))h(z)dz. 6, is given iteratively by a finite dimensional dynamical sys-
Rd tem of the formé,,=F(Y,,0,_1). We will discuss in Sec. V

This setup can also be extended to a message transmissig}ﬁ”lt this is in some sense a very unusual situation.

scheme by lettindM,} be the usual message process and

taking two functionsf,,f,:R9—RY, both bounded and con-
tinuous.{X,} is now defined by IV. MESSAGE TRANSMISSION

Xne1="Fm_ (Xn)+Wp. The r?ceiver is any device that produces a reasonable
estimateM, for the actual messagé,, based on the time
Again {X,} is a Markov process satisfying the conditions of seriesY;,...,Y,. We will show that this problem can be
theorem(13). The transition kernel is given by solved if the conditional probability,(m):=P(M,=m|G,)

_ is known.
¢(AX)=Pogo(AX) +P1e1(AX) We now give an expression fgr,(m) in terms of the

filtering process. This establishes the beforementioned con-
= pro-d(z—fo(x))+pl-d(z—fl(x))dz dition between the receiver problem and the theory of non-
linear filtering.
and the FPO by Lemma 4 Let [slightly different from the examples of
Sec. Il and formula4)],
Lh(x)= J]deo- d(x—fo(2)) + p1-d(x—f1(2))h(z)dz. @1(AX):=p1P(Xpe Al X 1=X,M,=1),
Again, if the distributiony of X, has anL* density my(X) ®0(A,X)=poP(Xne AlX,-1=%X,M;=0).

with respect to the Lebesgue measure, then also the filteringhen we have (witkp defined as befoje
processm, has a representation in terms of densitids-

noted by (x)) given by P=¢1t @o-
) Y, —x ) Then
mn(X)=C-g| —— | L7 _1(X),

demmi_;
Pﬁ(m)ZJ'#Wﬁ(dX)-
where agairc is normalization. #Tn-1
Example 3: (Linear Gaussian proces3he first system Proof. This follows easily using change of measure like

class for which the filtering process was calculated explicitlyin the Kallianpur—Striebel formula. An informal derivation is
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given in Ref. 11. For the meaning of the Radon—NykodimBirkhoff’'s theorem. The second assertion follows if the fil-

derivative d/d- - see Ref. 5 and the Appendix. [0  tering process turns out to be ergodic. Under condit®),
The performance of a binary communication channel ighe invariant measuré of II having barycenter is unique

usually measured by the bit error raBER) which is de- (see Ref. 7, Theorem)2However, any othell-invariant

fined as measuremusthave a barycenter which is-invariant. Since
1N there are no such measures exceptuatrturns out thatb is
BER=—2 |Mk_'\7|k|l the unique |nvar|ar_1t measure of t_he f||ter_|ng process. By
N =1 Lemma 15,(3) the filtering process is ergodic. O

) ) a _ Concerning the asymptotic properties of the bit error
whereM, is the transmitted message akig is the received ?robability we have the following theorem:

message. It should be kept in mind that in general, the bit  Thagrem 7 If w is an e-invariant measure satisfying

error rate is a random quantity and dependshonitis an  ¢ongition (A2), then th@EP! is convergent and decreasing
interesting question whether the bit error rate converges to B k. Call the limit BEP. If furthermore v satisfies the as-

(possibly randomlimit or not. . _ . sumptionve*— 1, then BEF,— BEP*.

In any case(ergodic or stationary or nothingve will Proof: This follows from the fact that the bit error prob-
call ability BER, can be written as

P"(M# M) 1

BER(=5E,

Sl

dy

the bit error probabilitydenoted by BEP) whereM, is used
as an estimator foM, and v is the distribution ofX,. We
now define the receivdf/lk we will use throughout the rest X (1= o) mp_1(dX)
of this paper.

Definition 5§ We setM,=1 if p/(1)>pL(0) and M,

which is an expectation over a concave functionmf_, .
—0 else. Si in fadi. d d il write M i The theorem now follows from_the results jn Ref. 7. D
€ise. SINCe In tadily depends on we wilt wite My in We remark that the transmitter model introduced in ex-

the folloyvmg. ~ ) ample 2 actually satisfies the conditions of Theoren{sk®

~ Obviously, My is a function ofYy:--Y,. Furthermore, apnendiy, hence there is a unique invariant measure satis-
this estimator turns out to have a certain minimum Propentysying condition (A2). Thus, both theorems apply.
If My is an estimator depending ory---Y\ and assuming Theorems 6 and 7 may be of restricted practical use
the values 0 or 1 only, it can be shown that since a quite restricted receiver model is assumed. However,
the main purpose was to show that theoretical methods of
nonlinear filtering translate into the framework of message

whence we have that for any such estimator, transmission.

PY (M =M =E,(pi(My)),

P(My=M)=P(M=M}).
R _ V. APPROXIMATIONS OF THE FILTERING PROCESS
Hence the estimatdvl; yields the least bit error probability _ _ _
and, in this sense, provides an optimal estimator. Our first It was already stated informally in Sec. Il that the fil-
theorem concerning ergodicity of the bit error rate can beering process in general has a very high complexity render-

obtained using ergodic theory of nonlinear filtering. ing it unfeasible for direct applications. We will make this a
Theorem 6 Supposeu is a g-invariant measure. Then little more precise in this section by stating some well known
the bit error rate results aboutnonyexistence of finite dimensional filters due

N to Sawitzki®> we will explain later in this section.
BE _i S M= For this suitable approximations of the filtering process
RN_N & Tk Tk turn out to be essential. This is the main subject of this sec-

. o tion. A lot of methods have been conceived. For an overview
converges almost surely to a (possibly random) limiwl§  anq further references, see Ref. 11.

even a uniquep-invariant measure satisfying condition (A2),  The idea ofparametric approximatioris to consider a
then the limit is almost sure equal to a constant et of strictly positive integrable functions d& which are
Proof. We only sketch the main ideas. A full outline will normalized, i.e.fpd\=1 for all pe P and a fixednot nec-

be given elsewhere. | is ¢-invariant it follows from theo-  egsarily finite carrier measura on E. A parametrizationof
rem 1 in Ref. 7 that the distribution aff converges to an  p js 3 mapping,

invariant measure dfl, the transition semigroup of the filter.

Calling this invariant measur@ it turns out that the joint p:0—P,6—p(-,0),

random variable M, 1,7) has asymptotic distribution where® is a subset of a finite dimensional vector space. The
pi- @, Furthermore, the proce$d . 1,71} is Markov hav-  parametrization is callefhithful if 6,+# 6, necessarily yields
ing invariant measure - p;. So the compound process is p(.,6,)#p(-,6,). Such a sefP together with a faithfulp
asymptotically stationary. Sind®1,— I\7Ik| can be expressed and a carrier measupecan be considered as a parametrized
as a function oM, «f, and w{_, it turns out to be sta- family of probability density function§pdf’s) with respect to
tionary as well. The first assertion now follows from A as well as a parametrized set7z .
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The basic idea of parametric approximation is to choosébviously 8, is a function ofé,,_, andY,. We will also call
a parametrized family®,p,\) and replacer, by a sequence Foi=p(-,0,)
7, in P which by p can be pulled back to a sequenggin =Pl 0n
0. More formally, this means that there is a map, the approximative filtering process.

X
F:RX0—-0, () \\. GENERAL ERROR BOUND FOR THE

_ . APPROXIMATIVE FILTERING PROCESS
defining the stochastic parameter process

In Sec. V we proposed a scheme to approximate the
0ni1=F(Yni1,6n) (8) filtering process on the level of probability distributions.
Suppose a stochastic process on Pg intended to be an

so that7,=p(-,0,). Actually, the filtering process is called approximation of the correct filtering process, is given.
finite-dimensional if such a representation can be found thathe question is whethét,, is a good approximation af,, or
holds exactly rather than just approximately. The result of not. A possible way to characterize “good approximations”
Savitzki states that this is the case if and onlyFfX, is to calculate the KL-distance betwe&n, and m,. How-
eAlY,) andP(X,eA|Y;--Y,_,) are of exponential form ever, a more natural criterion is the accuracy up to which
in X,,. Whether a given model admits a finite dimensionalexpectations likef f(x),(dx) are reproduced using, in-
filter is relatively easy to decide. However, it is not easy tostead ofw,. If 7r,<m, andf e Cg(E), then
use Savitzki’s results to create state space models admittirlg

finite dimensional filters. In Ref. 13 a Laplace transform ap f f(X)Wn(dX)—f f(X) 7 (dx)

proach is used. However, starting from a linear observatio

equation Runggaldier and Spizzichino arrive dinaar state

space model as well. $f [£(x)]
For the approximation, a certain fitness criterion between

the true and the approximated filtering process is required. In

Ref. 11 we employed the Kullback—Leibler distance which smfv{f(xﬂf

proved to be suitable from a computational point of view. We

will now describe the general approximation scheme. Detailghe quantityTV(u,»):= | (du/dv) —1|v(dx) is called the

as well as numerical simulations may be found in Ref. 11. total variation distance. I, » have densities with respect to
Let u,vePe, v<pu. Then the Kullback—Leibler dis- Lebesgue measure it can be written in the form,

tance,

dm, 1 4
dm, h(dX)

-1

a(dX).

dm,
dm,

TV(u,v) :=f | e — v|dx.

It turns out thafTV is symmetric, convex in both arguments,
vanishes iff u=v and satisfies the triangle inequalitin
contrast to theKL-distance.

Lemma 9 (1) If ¢ is a Markov kernel, then

dv dv dv

= g ol

KL(u,v):= fEIog

is positive (but maybex), vanishes if and only iv=u and
is a convex function of botlx andv. We will now define the
approximative filtering process in the course of the follow-
ing:

Definition 8 Suppose a parametrized set of pdf’s
(P,p,\) is given as well as a filtering process,. Suppose
the following requirements are met:

TV(eu,ev)<TV(u,v).

(2) BetweerKL and TV the following relations hold

(1) We assume the initial measurgy:=P(Xye-) to be TV(w,v)<2J1—exp—KL(u,v)),
given and fixed throughout this chapter.

(2) m,<\. The densities will be denoted by,(Xx). Since TV(M,v)gzm.
p(-,0)~N\, we also haver,<p(-,#0) for all 6.

(3) Foranyv<h, KL(p(-,6),v) IS & convex function on the The first inequality is called Bretagnekeiuber inequal-
convex parameter spaéeC R%. ity, the second Furstemberg inequality. In both inequalities,

(4) For anyv<\, there is af(v) € © with the property the right hand-side is a concave functionkif.
KL(p(-,0(v)),»)<KL(p(-,60),v) YOO Proof. For the _first as_sertion, see Ref. 14. For th.e

Bretagnole—Huber inequality, see Ref. 15. The second in-

and equality impliesd=6(v). So 6(v) is the unique equality is an easy consequence of the first. O
minimizer of KL(p(-,8),v). So far there is not the least bit of evidence that the algo-

_ o o rithms defined in the definition will actually work. The pro-
Then we can define thepproximative filtering process cess7, is controlled only byé, which in turn depends on

{On}n=0 0N O by 0,1, andY,, that is, has only restricted input from outside.
0o:= (), In the course of the approximation, no referencenipis
made. This may lead to an unbounded amplification of er-
0,:=0(S(Y,,,p(-,0,-1))). rors. However, results on the stability property of the nonlin-
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Two initial probabilities where the infimum is taken over all such,c,. We have the
] following properties ofH:

(1) H is symmetric;

o5 (HHHHHY (2) H vanishes iffu=c- v for a positivec;
(3) H fulfills the triangle inequality;
0 i (4) H(am.bv)=H(u,v) for positive constanta,b;
10 0.5 1 (5) If f is positive and inL,, define the measuresud
o LT =fdu, dv="fdv. ThenH(w,v)=H(u.v).
g P AR
RN VAR SR 0.5 WWWWAMWMWY This immediately yields for the filtering process
0 S 0 S H(S(yaﬂ)as(yvV)):H(‘P,U«a(PV)
0 0.5 1 0 0.5 1 ) o L .
1 - 1 - since the normalization and the multiplication wigj{---)
: : cancels oufsee Ref. 16 Furthermore, the Hilbert distance
05 oo i has outstanding properties in connection with positive opera-

tors. We restrict our attention to Markov transition kernels. If
u,v are comparable, then so apg, v and

0
0 0.5 1 0 0.5 1
Hleou,ev)<H(u,v).
FIG. 2. The time evolution of two probability distributiorimore specifi-
cally their densitiesunder the operatd®(0.25; ) [see Eq(6)] is shown in  Furthermore,
the left resp. right column. The first row shows the initial densities. The

second row shows the probabilities after applying the transition késobd H(ou,ov) - A
line). The dashed—dotted line &((0.25-x)/). The third row shows the sup THr) =<t ik
final product after normalization. O0<H(u,v)<» !

where

A:=su wveP H((P/-L!(PV)
ear filtet®~ give hope that the filter may be insensitive to v <7

errors in the initial condition which leads to a damping of theis the projective diameter ap (see Refs. 16 and 19For a
errors in the course of the approximation. We will first con-Markov kernel satisfying the conditions of Theorem 13 we
sider again the tentmap examglgg. (3)] already encoun- haveA<2 log(c,/c,), whence
tered in Sec. 1l exemplifying our assertion and then formal-
ize the statements.

Figure 2 shows the time evolution of two probability wherer=tanh(log€,/c,)/2)<1.
distributions(more specifically their densitiesinder the op- This analysis shows that such Markov kernels have a
eratorS(0.25,) [see Eq.6)] in the left resp. right column. negative Lyapunov exponent with respect to the Hilbert met-
The first row shows the initial densities which have beenric. According to the properties of the Hilbert metric, this
chosenad libitum The solid line curves in the second row behavior immediately carries over to the filter and will be
show the densities after applying the transition kernel. Theexploited in our error analysis to follow soon. The technique
dashed—dotted line ig((0.25-x)/o). The third row shows of usingH in connection with filtering wagto our knowl-
the final product after normalization. It is apparent that inedge first used in Ref. 16.
effect the densities are much more similar than at the begin- A connection to the total variation distance is given in
ing. This observation is of general nature. We will howeverthe following lemma:
not prove the stability for this modésee end of this sectipn Lemma 101In general
but for the models given in Example 2. 5

For our analysis we need yet another metric for mea-  Tv(u, )< ——=H(u,»),
sures called the Hilbert metric. Call two measuresy log 3

€ Mg comparableif there are two positive constants.C;  where the right-hand side is maybe infinite. Furthermore, if

Hlou,pv)<stH(u,v),

so that ¢ satisfies the conditions of Theorem 13, then
H(A) C2
<——< : < 2
C1 V(A c, VA H(ou,prv)<2log 1+ ClTV(,LL,V) .
This is actually equivalent tpe~ v and Proof: The first inequality is due to Atar and Zeitoufii.
The second inequality is due to Kushner and Budhit3ja.
du Now we are ready to embark for the first estimate on the

error of our approximative filtering process. Let

The Hilbert distance is defined as (1) {X,} be a Markov process satisfying the conditions of
Theorem 13;
H(u,v):=inf(log(c,/cy)), (2) m, be the true filtering process;
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(3) 7, be a process obtained by the approximation scheme  TV(x,,7,)<TV(S\(7_1),77)
8;

n—-1
(4) Si(u)=S(Yn,S(Yn-1,S(""S(Yk,u) ) be the k+1 n
fold iterate ofS with argumentse andY,---Y,,, where, 2 TV(S( 1), S 2(7)
if k>n we set Si(u)=u. We also write ~
Sdu)=n Snlse) FTV(SX(m0), S)(Fr0)). ©

:=S(Yn1M)' . : i i
The first term is by the Bretagnole—Huber inequality
Then a direct application of the triangle inequality yields bounded by

TV(Su(Trn-1), 7)< 21— exp —KL(Sy(7rq-1), 7))

The other terms concern comparable probability measures, so we apply the Atar—Zeitouni inequality and the Kushner—
Budhiraja inequality to get

TV(ST(?kal)vSknJrl(?Tk))\ H(S((Wk 1) S<+1 Tfk))\ n_(kH)H(SEH(Wk 1) S+ 1(7))

log3

C
PO V(S (T 1), 00 = oo 7 KD logl 1+ ZTV(eS(Ti 1), 70 |.
1

=
log3 log

Since log(* (c,/cy) X)=< (c,/cq) X we get finally using again the Bretagnole—Huber inequality,

TV(Si(Fri-1), S+ 1(7)) <8 7DV —exp( — KL(S(Trk-1), 7).

(o Iog3

In a similar manner, the last term can be treated to give

TV(Si(mo),S}(70)) <8 11— exp(—KL(mo, 7).

(o Iog3

Since 2<8(c,/c; log 3)=:C we get finally The whole analysis was done under the assumption that
{X,} satisfies the conditions of Theorem 13. If this is not the

n case, the Kushner—Budhiraja inequality is not valid and fur-

TV(m, 7)< — E n— kRk, (10) thermore the Lyapunov exponent with respect to the Hilbert

k= metric may be 1, so the filter is not so easily proved to be
stable. In this case a more involved analysis of Thedis-
whereR, is the approximation residual given by tance is required. Basically the same considerations apply if
we know that

Rii= 1 —exp( —KL(S(Tr-1), 7))

i 1 TV(S}(w),S]
if k>0 and by lim — log sup (Sy(m),S1(v)) | 1)
— oo N TV(w,v)
Ro:=v1—exp —KL(7g, 7))
if k=0.

Recall thatkL(S(7rx-1),7k) (resp.KL(m,70)) is €X-  where the supremum shoultbt be taken over all,v e Pg
actly the quantity we minimize in the approximation schemepyt only over the restricted set

Indeed, 7 is chosen to minimiz&L(S.(7¢_1),q), whereq

varies over the parametric family of distributions. Since

V1—exp(=X) is increasing, the algorithm “optimizes” the

o 9 e a8 P (S S(Yn-10--- S(Y1. ) ))ime Py e R,
Furthermore, remark that the calculations circumvent

Hilbert distances of the formi(S.(7_1),7), whence we

do not need to assume tHai 7, ) and7r, are comparable. whereP is the parametrized set of distributions chosen for

This would be a quite inconvenient restriction of the param-the approximations. This is basically the set of distributions

etrized families. that may appear in the course of the approximation. The

Downloaded 06 Jun 2003 to 134.76.92.107. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/chaos/chocr.jsp



Chaos, Vol. 13, No. 1, 2003 Communication and nonlinear filtering 205

10 : : . fl (y—h(x)) v
o| = 'y = 0.879%%+2.97 n(y):= ;g p= (¢1— o) 7 1(dX)

s e T EEATL T

From Sec. IV we know that

log TV(my, )

B 1o B R I
: ™ 1
20| LD farr BEP,';IEE,, 1| fo(y)dy|.
_30 : . . - -
0 o > 20 We now have using the triangle inequality,
Time n 1 [y=h(x)
‘f —g( (1= @o) my_1(dX)
FIG. 3. A logarithmic plot of theTV of two filtering processes for the o o
tentmap example initialized differently. The stability of the filter is apparent 1 —h
in this case. _ f —g y (%)
o o

existence of the limit if11) may be shown using Kingman'’s
subadditive ergodic theorefi. We have not carried out the
analysis, but we would like to remark that the nonlinear filter
for CSK-schemes doeamt satisfy the conditions of Theorem - f Eg( y—h(x)
13 and in fact isnot insensitive to its initial conditiorin o T
general Suppose that in the CSK setufp,andf; have two

X(@1— @o) (T 1= T+ 7 1) (dX)

(01— @) 7rp_1(dX)

distinct periodic orbits in common, that &= {x;---x,} and +Uig(y_h(x))(¢l_¢,o)(w:1_7751)((1)() .
z={z;' 24} are periodic orbits for botfi, andf;. Then the o g
filtering process initialized with a measure supportedxon (12

will always have support or. The filtering process correctly
reproduces the fact that, cannot escape from. The same
holds for the periodic orbiz. So the two filtering processes
initialized with a measure supported @rand onz, respec- 1 [y—h(x)
tively, will never become similar in any sensenfgoes to U ;g(

The second term can be bounded using the triangle inequal-
ity,

)(‘Pl_ ®o) (1= 7p_1)(dX)

infinity. 7
However, looking back to Fig. 2 we see apparently a 1 (y—h(x) ~
stability property. The main point here seems to be that the gJ ;9( p )|<P(7751_7751)|(dx)-

densities we start within our numerical example are smooth.
Then it is pretty obvious how the stability emerges: TheThe integrant is an integrable functionofandy so we can
Frobenius—Perron operator stretches the function and thusplace the second term (f2), integrate ovey, and reverse
reduces all slopeén this example, by a factor of)2Then the order of integration in the second term to get

multiplying with g(---) (dashed—dotted lineeffectively cuts

out a small part of the function leading to a further regular- 1 y—hx) _ v dx)ld
N . g (1= o) m,_1(dx)|dy
ization. So for CSK-schemes, the filter seems to be stable f o o
a restricted class of initial conditions. We conjecture that this 1 ~h(x)
is the case for initial distributions having a density of sJ J _g(y )(@1— ®0)7rh_1(dx)|dy
bounded variation with respect to the Lebesgue measure. o o
This wopld suffice for most apphcaﬂons. +TV(pm!_ 1,07’ 1)
In Fig. 3 we show a logarithmic plot of th&V of two
filtering processes for the tentmap examg. (3) in Sec. _ 1 [y—h(x) —,
Il ] initialized with two different densities. The Lyapunov ~ ~ 79 75 /(e @o) Ty (dX) dy
exponent of the filter seems to be—0.88 and the stability .
of the filter is apparent in this case. +TV(m-1, - 1),

since TV(¢-,¢--)<TV(-,--) (Lemma 9. In exactly the
same mannefexchanging the role ofr and7) one obtains
We have seen how to build the optimal causal receiver
using the nonlinear filtering process. Since the nonlinear fil- E y—h(x) _ vod
. . g (1~ o) mp_1(dX)
tering process cannot be calculated in general, we suggested o o
several approximation schemes. In Sec. VI we gave a bound

VII. ABOUND ON THE BIT ERROR RATE

dy

on the error between the true and the approximative filtering ;j fig(y h(x))(%_%)%;l(dx) dy
process. In this section we show the implications of this re- o o

sult on the bit error rate obtained by receivers based on ap- —TV(l T ).

proximative filtering processes rather than the true one. Con-

sider the function If we define the quantity,
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cal) do not fall into the classes investigated here. These are

~ 1 1 [y—h(x) investigated communication schemegher novel or classi-
BEP,:=-E 1—f J —g(—)
2 o o
(among others

(1) Shift keying schemes where two independent dynamical
systems run in parallel. The output of the first or the

X (1= @o) T4 (dx)|dy

which is the same as BEPut with 7 replaced by# we can second system is transmittétbr a certain amount of
write our estimate as time) depending on whether the bit to be transmitted was
- zero or one, respectively. Sometimes two chaotic sys-

|BEP,—BEP;|=< 3E,TV(m)_1,7p_4)- tems are usedsee, for example, Ref. 21whence this

setup, although different from Example 1, is called cha-
otic shift keying as well.

(2) Setups where the transmitted signal is again the output of
a dynamical system, but now the state space is divided
into two regions representing the bit zero or one, respec-

) ) ) ) ) ) tively. By nonlinear control methods this system is

So far this estimate is of restricted practical use since both  gteered into one of the regions after the other depending

We assume now the validity of the estimdf). Then we
get

- c
_ v . n—k
|BER,— BEP|< ZTKEZ‘,O M KE Ry

the approximated bit error probability BEas well as the on the bits to be sent. Of course, at the receiver side the
right-hand side of the above estimate involve tihe expec- problem is to locate the position of the system in state
tationE,, . space to recover the bits. Of particular interest are sys-

Under the additional assumption that the compound pro-  tems where the control input vanishes for a possibly re-
cess{Y,,0,} is ergodic, then we can comput,R, and stricted set of messages. This indeed can be the case for
BEP, in an offline experiment, sindg, is a function of,,_; chaotic systems, where the remaining set of messages is
and Y, and furthermore BE, is the expectation over a still sufficiently large for communicatiof?. At the re-

ceiver side the system then can be considered as autono-
mous.
) System with more users involved.
4) Communication systems based egnchronization In
Ref. 23 a setup is considered where the mess$agel-
ally a continuous valued message is permitteppears
in the state space equatiandin the transmitted signal.
In the case of no measurement noise a synchronization
based receiver reveals the message with asymptotically
vanishing error. Synchronization in the presence of
chaos, however is known to be quite sensitive to noise in
the transmission line, so the receiver fails for even small
amounts of measurement noise. In other words, the re-
ceiver for the noise free case appears to be a too simple
an approximation of the optimal receiver and has to be
replaced by more sophisticated devices.

function depending o#,,_; only. Then both B, andE,R,
are asymptotically equal to a constant depending on the sys:-
tem and the approximation algorithm and can be compute
numerically by an empirical mean over a long realization.

VIIl. CONCLUSION

In this paper we investigated a certain class of commu-
nication schemes. Basically we consider a transmitter whose
internal state is a Markov process depending on a message
which is in turn a binary sequence of independent and iden-
tically distributed random variables. At the receiver a time
series{Y,} is recorded, wher¥, is a function of the trans-
mitter state plus additive noise. We formulate the receiver
problem as the question: What is the value of the actual
message b'M” g|ven. th? t|m<.a _Ser'eyl""’Y”' we §how A further field of investigation may concern CSK-
that the optimal receivei, (giving the least probability of  gchemes. It turned out that CSK-schemes often do not fulfill
errorg can be obtained using results from nonlinear filtering.¢,o assumptions required to obtain the results of the paper.
Furthermore, straightforward application of known results ONHowever, this does not mean that these results cannot be
ergodic properties of thfz nonlinear filter leads to results onyyianded to CSK-schemes, maybe in weaker form. A first
asymptotic properties d¥f, . step obviously is to give conditions on the ergodicity of

A quite well known problem of the optimal nonlinear CSK-schemes, which apparently in many investigations pub-
filter is the unbounded growth of its complexity. This prob- jished so far was tacitly assumed. We already mentioned that
lem appears to be present also in our communication setup. modified aperiodicity assumption seem to make the analy-
This underlines the necessity of approximations of the nonsis of Ref. 9 applicable also in this case. Furthermore, prov-
linear filter and in turn of the optimal receivét,. Assum- ing the negativity of Lyapunov exponents for the nonlinear
ing a quite general approximation scheme we derive errofiltering process associated with CSK-schemes is quite im-
bounds on the approximative nonlinear filter as well as orportant. We already mentioned that a possible route goes via
the optimal receiver. It turns out that the validity of thesedensities of bounded variation.
calculations essentially depends on a stability property of the

nonlinear filter or, roughly speaking, on its largest LyapunovACKNOWLEDGMENTS
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DFG Graduiertenkolleg “Stnmungsinstabiliteen und Turbu- ~ continuous with respect tp.. Furthermore, there are con-

lenz.” stants K=0 and 0< <1 independent of x with
sup|eM(A,x)—s(A)|<K "
AeBg
APPENDIX: ERGODIC THEORY OF MARKOV Proof. The theorem is a slight modification of results
PROCESSES presented in Ref. 24, Chap. (&ec. 5. O

Wi i its about gi ies of M A trivial verification shows that ifp("(-,x) satisfies the
< recall some resufls about ergodic properties of Mare, ,4itions of Theorem 13, then we also have the property,
kov processes. We will keep the same notation as in the

paper, namely, let IimJ|fcp(“)(x)—s(f)|s(dx)=0 VICL(E).  (A2)

(1) E a polish(complete separable metrispace; n—o
(2) Bg the Borel field;

(3) Pr the space of probability measures Bn

(4) Cy(E) the spaces of continuous bounded functions o

’ . . Starting withs as the initial distribution, the resulting
®) tB(ZIT) the Borel field of P enowned with the weak probability on the probability space&(,B¢) is denoted by

Opology. Ps, as for every probability measure on E the resulting
probability on €*,B¢) is denoted byP”.

Stationary processes may or may not drgodic We
recall the basic concepts of ergodic theory. ¢t} be a
stationary process. An eveAtis invariant if there is a fixed
B e B.. so that for anyk, A can be represented as

Condition(A2) (which is weaker than the result of Theorem
13) will prove to be essential for ergodic properties of the
r1‘iltering process.

We write as usual

f f(x)P(dx)

for the Lebesgue integral df over P. A measureQ is ab-
solutely con.tinuc_)usvith respect th (write Q«F_’) if P(A)_ A={we Q;(X(, X¢s1,...) €BL

=0 always implieQ(A)=0. In this case there is a function ] . o
denoted by @/dP (Radon—Nykodym derivative, see Rej. 5 1he invariant events form a-algebra denoted by. This is

with the property, the basis for the following famous result:
40 Theorem 14(Bir|khc|)ff’s ergodic theorem): Let X, be a
_ | Y9 stationary processE|X;|<ec. Then the following limit holds
Q(A)_fAdP () P(ax). as.andinly:
If both Q<P andP<Q, they are callecequivalentand we 10
write P~Q. ﬁk§=:l Xk—E(Xq]D).
Definition 1t A random proces§X,} is stationaryif, for
any k and sets AjeBg the probability P(X;;1 Proof. See Ref. 5. O
eAq,... Xn1ke Ay does not depend om, i.e., is invariant If X,, are iid random variables, all invariant events have
with respect to time shifts. probability zero or onéKolmogorovs zero-one law Obvi-
Lemma 12A Markov process is stationary iff the prob- ously, thenE(X;|Z)=E(X;), and Birkhoff’s ergodic theo-
ability measurev(A):=P(Xoe A) has the property rem translates into the strong law of large numbers. To gen-
eralize this, call a processrgodic if all invariant events
v(A)= f o(A,Xx)v(dx). have probability zero or one. Obviously, a process is ergodic
iff all random variables measurable with respecftare a.s.
Such a measure is calladvariant. constant. Hence, iE|X;|<% and the process is ergodic,
Proof See Ref. 5. 0O  E(X4/Z)=E(X,) and Birkhoff's theorem gives
The question arises wether for a given transition kernel n
¢(A,x) there is an invariant measureso that the canonical = X —E(Xy)
process on E*,P”,B¢) is stationary. A fruitful idea is to Nk=1

consider iterates of the kernel: Defiré")(A,x):=¢(A,X)

. . both a.s. and ir.; .
and iteratively

Obviously, conditions for ergodicity are quite essential:

- 1) Lemma 15 (1) Let f:E*—R be measurable. Then the
¢ (A,X)==f @(A,2)- " H(dz,X). process

The following theorem gives conditions under which the se-  Y,=1(X,,Xp+1,...)
quencee™(A,x) generated by a Markov transition kernel
converges to an invariant measure.

Theorem 13 Suppose there is a finite measygeand
two positive constants;¢c, with the property

is stationary (ergodic) if X is stationary (ergodic)

(2) A stationary process Xis ergodic iff all random
variables measurable with respectfoare a.s. constant

(3) If a process X admits auniquestationary measure it
cip<e(-,X)<cou for all xeE, (Al)  must be ergodic
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Back to Markov processes we have the following more spe- in Mathematical Society Student Teg@ambridge University Press, Cam-

cial criteria:

Lemma 16(1) If E is compact, there are always invari-
ant measures fop:

(2) If an invariant measurer for ¢ is unique, then P
must be ergodic

(3) Let v be an invariant measure fap. Then if any f
e L4(E,v) with the property

fo™M(x)="f(x)

is v-almost sure constant, then”®nust be ergodic
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